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The relative intensities of the La;, (:, 82, and + lines in tantalum, tungsten, 
iridium, and platinum were measured and corrections were applied for the partial 
absorption of the beam along its path and within the ionization chamber, for the 
partial reflection by the crystal, for the effects of voltage and absorption within the 
target, and for interference from adjacent lines. To verify the method of making 
the target correction, an experiment was performed which consisted of measuring the 
relative intensities of Lay, 6;, and y; of platinum at different angles from the face of the 
target. The following relative intensities were measured at 30 k.v. without correction 
for reflection by the crystal or absorption within the target: 


a By Be ‘1 
Tantalum 100 49.5 18.8 9.0 
Tungsten 100 49.4 20.2 10.0 
Iridium 100 48.0 21.2 10.2 
Platinum 100 46.1 21.0 9.7 
INTRODUCTION 


HE relative intensities of x-ray lines have been investigated with consid- 
erable precision where the lines are only slightly separated in wave- 
length. Where a considerable separation is present, all the corrections to ob- 
served intensities become more important. Two of them offer some difficulty. 
The correction for the fraction of the beam reflected by the crystal can be 
made only when the dependence of the coefficient of reflection on wave- 
length has been determined by using the same crystal in a double crystal 
spectrometer. The correction for the absorption within the target requires a 
knowledge of the depth distribution of emission of x-rays and is involved with 
the correction for the tube voltage. 
The intensities of the lines in the L series of tantalum, tungsten, and plati- 
num have been measured by Jénsson,! Hicks,? and Allison and Andrew.* 
Measurements of the relative intensities were made on the elements tan- 
talum (73), tungsten (74), iridium (77), and platinum (78). The lines a, §:, 


1 Axel Jonsson, Zeits. f. Physik 36, 426 (1926). 
? Victor Hicks, Phys. Rev. 36, 1273 (1930); 38, 572 (1931). 
3 Allison and Andrew, Phys. Rev. 38, 441 (1931). 
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592 VICTOR J. ANDREW 


B2, and y: were chosen because they are widely separated and distributed over 
a rather broad wave-length range. Particular attention was given to the two 
more difficult corrections referred to above. 


APPARATUS AND PROCEDURE 


The design and adjustment of the apparatus which was used for these ex- 
periments has been described by Allison and Andrew.’ It is a single crystal 
spectrometer with an ionization chamber. The slits were 25.4 cm apart and 
0.013 cm wide. The ionization chamber was filled with methyl bromide to a 
pressure of 76 cm. The x-ray tube was of a type described by Allison. The 
target was mounted at 45° to the electron beam, and the x-rays were observed 
at 45° to its face. The various targets were polished in the vicinity of the focal 
spot so that they gave a clear mirror-like reflection, and only the slightest 
scratches were visible to the unaided eye, in order that surface irregularities 
would produce negligible uncertainty in the thickness of the layer in which 
the rays were absorbed before leaving the target. The electron current was 
kept low enough (usually one milliampere) so that the polish was not dam- 
aged. The targets were repolished whenever they became seriously coated 
with tungsten from the filament. Such coating occurred only when the tube 
was operated without a sufficiently high vacuum.® No readings were used in 
which the intensity of tungsten La; was as great as 1 (relative to 100 for the 
La, line of the element being studied), and in most cases it was not measur- 
able (less than 0.3). When it reached 7, the change in intensity of the other 
lines being studied was approximately 2. 

The electrometer sensitivity was about 3 meters per volt. Adjustments 
were made so that it was found experimentally that the rate of deflection was 
proportional to the current (with a possible constant correction), and that 
the rate of deflection for constant current was the same on all parts of the 


TaBLE I. Tantalum (73). 




















Trial Line 1 tp 1—tp qh Weight 
1 a 22.46 0.64 21.82 1 
Bi 16.96 0.64 16.32 74.3 
Be 7.70 0.64 7.06 32.1 
v1 4.26 0.64 3.62 16.5 
2 a 21.72 0.69 21.03 2 
Bi 14.92 0.69 14.23 67.8 
Be 6.45 0.69 5.76 27.6 
v1 3.57 0.69 2.88 13.9 
3 ay 17.16 0.65 16.51 3 
Bi 12.20 0.65 11.55 69.7 
Be 5.76 0.65 5.11 30.9 
"1 3.41 0.65 2.76 16.7 

Weighted averages: 
I(8:) = 69.8 I(82) =30.0 I(y1) =15.7 








* S. K. Allison, Phys. Rev. 30, 245 (1927) (Fig. 1). 
5S. K. Allison, Phys. Rev. 34, 7 (1929). 
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TABLE II. Tungsten (74). 















































Trial Line i ty i—ip Kh Weight 
1 a 17.54 0.80 16.74 2 
Bi 11.90 0.80 11.10 68.7 
Be 6.80 0.80 6.00 34.4 
v1 4.22 0.80 3.42 19.5 
2 ay 22.73 0.84 21.89 3 
Bi 15.62 0.84 14.78 67.5 
Be . 7.30 0.84 6.46 29.5 
v1 4.10 0.84 3.26 14.9 
3 a 24.10 0.83 23.27 2 
Bi 16.67 0.83 15.84 68 .0 
Be 7.87 0.83 7.04 30.2 
v1 4.38 0.83 3.55 15.2 
4 a 22.85 0.70 22.15 3 
Bi 15.74 0.70 15 .04 67.9 
Be 7.49 0.70 6.79 30.7 
v1 4.28 0.70 3.58 16.2 

Weighted averages: 
I(8:) =67.9 I(82) =31.0 I(y1) = 16.3 
TABLE III. Iridium (77). 

Trial Line i ty i—t Kh Weight 
1 a 25.15 0.75 24.40 2 
By 15.73 0.75 14.98 60.7 
Be 8.00 0.75 7.25 29.7 
v1 4.18 0.75 3.43 14.1 
2 ay 25.15 0.76 24.39 3 
Bi 15.38 0.76 14.62 59.9 
Bo 7.90 0.76 7.14 29.3 
v1 4.07 0.76 3.31 13.6 
3 a 23.40 0.69 22.71 2 
Bi 14.56 0.69 13.87 61.2 
Be 7.22 0.69 6.53 28.7 
v1 3.81 0.69 3.12 13.7 

Weighted averages: 
1(81) = 60.5 I(82) =29.3 I(y1) =13.7 








scale. The latter condition may be quite different from that of having the 
deflection proportional to the voltage, and must not be confused with it.® 
Tables I, II, III, and IV give the experimental data obtained on tantalum, 
tungsten, iridium, and platinum, respectively. 7 is the uncorrected electrome- 
ter current in mm per second observed at the peak of the line. The tabulated 
values are not individual readings, but each one is a peak measured on a curve 
drawn through a group of points (usually five) at intervals of } minute of 
arc, in the vicinity of the peak. i, the base line intensity, was observed at 
angles sufficiently distant from all lines due to the target material or tungsten 
contamination. The base did not vary perceptibly over the range of the lines 


6 This is due to the charge induced on the quadrant by the moving needle. See J. B. Hoag, 
Electron Physics, p. 142. 
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involved, and so the same value was used for all of the lines in one trial. Care 
was taken to measure a value as accurately as possible near the y; line, since 
this line was the weakest, and therefore required the most accurate base line 
correction. 


TABLE IV. Platinum (78). 





























Trial Line i tp i—t, Kh Weight 
1 a 20.00 0.68 19.32. 2 
Bi 11.80 0.68 11.12 57.5 
Be 6.80 0.68 6.12 an..8 
11 3.08 0.68 2.40 12.4 
2 ay 18.77 0.64 18.13 2 
By 10.73 0.64 11.09 55.4 
Bs 6.22 0.64 5.58 30.8 
v1 2.91 0.64 2.27 12.5 
3 a 17.40 0.65 16.75 2 
Bi 10.13 0.65 9.48 56.6 
Be 5.83 0.65 5.18 30.9 
v1 2.73 0.65 7.08 12.4 

Weighted averages: 
I(8:) = 56.6 I(B2) =31.1 I(y1) =12.4 
(i — to)a 
I, = 100 ————— 
(4 aaa ib)a 


is the intensity of the line \ (representing (6, 82, or y:) with the base correc- 
tion, but without the corrections for absorption, etc., relative to the a, line 
as 100. The weights of the different trials were determined by the stability 
of the x-ray tube during the measurements. 


CORRECTIONS TO OBSERVED INTENSITIES 


In Table V are shown the observed intensities, the necessary corrections, 
and the resultant transition probabilities. The corrections for partial absorp- 
tion in the mica x-ray tube window, in the air, and in the aluminum ionization 
chamber window are denoted respectively by Fn=exp [(tma—HMma)dm], 
F,=exp [(uar.—Mea)de] and F,=exp [(ux—Mwa)dw |. w denotes a linear ab- 
sorption coefficient and d a thickness in cm. The subscripts m, a, and w refer 
respectively to mica, air, and aluminum, and the subscripts \ and a, respec- 
tively, to the wave-length of the line in question and of the La, line. 


F,; = (1 _ e~#iati) /(1 _ e#ardi) 


is the correction for the fraction of each wave-length absorbed in the ioniza- 
tion chamber. The subscript 7 refers to the methyl bromide in the chamber. 
In the work of Allison and Andrew’ it was shown that the relative intensities 
of certain lines were within experimental error the same when the ionization 
chamber was filled with air, sulphur dioxide, methyl bromide, methy] iodide, 
argon, or krypton, and so it is reasonable to suppose that when the proper 
corrections are made, the relative intensities of any lines are independent of 
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the gas in the ionization chamber. The wave-lengths measured were all long 
enough so that no bromine K fluorescent radiation was excited, and all other 
fluorescent radiation was so soft that it was practically all absorbed before it 
reached the walls of the ionization chamber. The dimensions of the ionization 
chamber and the gas pressure within it were such that practically all of the 
B-rays came to the end of their ionizing range within it. F. is the ratio of the 
coefficient of reflection of the calcite crystal for a; and for \. As pointed out 
by Allison,’ the coefficient of reflection of a single crystal cannot be measured 
experimentally. However, the coefficient of reflection defined as the area un- 
der the rocking curve of crystal B of a double-crystal spectrometer is approxi- 
mately proportional to the coefficient of reflection from a single crystal, and, 
since we use only ratios of the coefficient of reflection, the proportionality 
constant will drop out. The values of F. are derived from graphical interpola- 
tion of data obtained by Professor Allison on a double-crystal spectrometer, 
when using the same crystal, which is numbered V-B in his paper. F; is the 
correction for the effects of the tube voltage and the absorption within the 
target. The derivation of this correction is discussed in the next section. 

In Table VI are shown the various constants used in the calculation of the 
corrections. The absorption coefficients of mica, air, and methyl bromide were 
taken from Allison and Andrew.’ Those of aluminum were taken from Comp- 


TABLE VI. Constants. 























Element Line (A) Lm Ma bw Mi Vo(k.v.) 
Ta a 1.519 136.4 0.0109 132.6 0.266 9.87 
Bi 1.324 86.0 0.0072 88 .0 0.174 11.11 

Be 1.282 77.4 0.00655 80.0 0.160 9.87 

41 1.136 52.6 0.00455 56.3 0.112 11.11 

W a 1.473 123.0 0.0100 121.2 0.201 10.18 
Bi 1.279 76.8 0.0065 79.4 0.158 11.52 

Be 1.242 69.8 0.00595 72.7 0.144 10.18 

v1 1.096 47.0 0.0041 50.8 0.102 11.52 

Ir a 1.348 91.7 0.00765 93.6 0.185 11.17 
Bi 1.155 55.4 0.0048 59.2 0.116 12.80 

Be 1.133 52.2 0.0045 55.7 0.110 11.17 

v1 0.989 34.0 0.0030 37.0 0.072 12.80 

Pt a 1.310 83.2 0.0070 85.4 0.171 11.53 
Bi 1.118 50.1 0.00435 53.8 0.108 13.24 

Be 1.100 47.5 0.0041 51.4 0.105 11.53 

v1 0.956 30.6 0.0027 29 .6 0.067 13.24 

d», =0.0023 dg =43.5 d~=0.00165 d;=28.1 V=30 


Me and yu; were calculated for 76 cm pressure and 20°C. 








ton.® For mica, air, aluminum, and methyl bromide, curves were drawn for 
“ versus A*, which were nearly linear, and then yw was read from the curves 
for the desired wave-lengths. For the four target materials, the absorption 
coefficients were calculated from the equation® 


7S. K. Allison, Phys. Rev. 41, 1 (1932). 


8 A. H. Compton, X-Rays and Electrons, p. 180. 
* Ivor Backhurst, Phil. Mag. 7, 353 (1929). 
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log n/p = C+ mlogrd + 4logZ. 


From the experimental measurements of u by Allen’ for tungsten, platinum, 
gold, and lead, by Kellstrém" for silver, by Backhurst® for platinum and gold, 
and by Uber™ for mercury, average values of the contants were chosen as 

= —5.750 and m=2.63 for the lines a, 8;, and 6: (above the Ly absorp- 
tion limit), and C= —5.356 and m=2.61 for the line y,; (between the Ly 
and the LZ yy absorption limits). The constant b/p of the Thomson-Whidding- 
ton equation does not vary rapidly with Z. The value 4.55 X 10° for all of the 
elements used as targets was chosen by interpolation between values obtained 
for various elements by Terrill." p appears in both the factor u/p and the 
factor b/p, but it cancels out in the calculations. 

In several instances the lines measured lie close to other lines. In all such 
cases, the amount of error in the observed intensity of the principal line was 
calculated, and when it exceeded 0.2 a correction was made. Table VII shows 
the derivation of such corrections. 6\ and 6@ are the separation between the 
principal line and the interfering line, in angstroms and in minutes of arc, 


TABLE VII. Interfering lines. 











Interfering 
Element __ Line line 6A 60 f I;’ qh’ Ii 
Ta Be Bis 0.0016 0.92 0.6 0.115 28.3 1.7 
WwW Ba Bis 0.0016 0.92 0.6 0.115 29.2 1.8 
Ir Be Bis 0.0016 0.92 0.6 0.1%5 27.4 1.6 
Ir Be Bs 0.0055 3.2 0.04 0.23 27.4 0.3 
Pt Bo Bis 0.0016 0.92 0.6 0.115 27.1 1.6 
Pt B2 Bs 0.0019 Ee 0.44 0.20" | 2.4 








respectively. Since the peak of intensity vs. angle which is found experimen- 
tally is approximately identical with the peak of the principal line, and is in 
general considerably off the peak of the interfering line, a factor f is intro- 
duced by which the intensity of the interfering line must be multiplied to de- 


10S. J. M. Allen, Phys. Rev. 28, 907 (1926). 

11 G, Kellstrém, Zeits. f. Physik 44, 269 (1927). 

12 F, M. Uber, Phys. Rev. 38, 217 (1931). 

3H. M. Terrill, Phys. Rev. 22, 107 (1923). 

4 From S. K. Allison, Phys. Rev 34, 176 (1929) and Manne Siegbahn, Spektroskopie der 
Réntgenstrahlen, Ed. II, p. 208. 

% S. K. Allison, Phys. Rev. 34, 176 (1929). 

16 The following sources of data were used for the relative intensities of 8; and 83. All of 
the data were taken at, or corrected to, 30 k.v. Since the lines are very close together, all cor- 
rections other than for the tube voltage disappear. A curve for J;’ vs. Z was drawn from these 
data, and the values used above were read from the curve. 


I,’ Element Source 

0.34 Ta Victor Hicks, Phys. Rev. 38, 572 (1931). 

0.33 W Allison and Armstrong, Phys. Rev. 26, 714 (1925). 
0.26 Os S. K. Allison, Phys. Rev. 34, 7 (1929). 

0.35 W Axel Jénsson, Zeits. f. Physik 36, 426 (1926). 


0.23 Ir Fig. 2 of this paper. 
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termine the amount of interference present at the peak of the principal line. 
f varies from unity to zero with increasing 66. It is assumed that the apparent 
shape of all lines is the same (and is due to the width of the slits). Fig. 1 
shows an experimental curve of the iridium £: and £; lines. The values of f 
were measured on the left side of the curve. J;’ is the ratio of the intensity of 
the interfering line to the intensity J,’ of the principal line. The final correc- 
tion for interference J;=fJ;’I,’ is substracted from the intensity J, in Table 
V to obtain the intensity J,’ of the principal line alone. 


100 


Y 


& 


Intensit 














Minutes of Arc 


Fig. 1. Separation of the Lf: and 8; lines in iridium. 


THEORY OF THE CORRECTION WITHIN THE TARGET 


In most intensity measurements heretofore the effect of absorption within 
the target has been neglected. Kulenkampff!” and Wisshak'* have used such 
a correction, but it was based on the assumption that electrons falling on the 
target maintain their initial velocity until they are suddenly stopped, rather 
than losing velocity according to the now accepted Thomson-Whiddington 
law, and that the number of electrons decreases exponentially with depth 
within the target. It has been customary to express intensities extrapolated 
to infinite voltage. The expression for transition probability developed here- 


17H. Kulenkampff, Ann. d. Physik 69, 548 (1922). 
18 F, Wisshak, Ann. d. Physik 5, 507 (1930). 
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after does not agree with this convention. It follows an expression developed 
by Jénsson.'* An experiment was then performed to test certain aspects of 
the calculations. 

The intensity d/J, of a given spectrum line \, due to the increment of depth 
dx within the target is 


GJ, = OF (x)dxeazising | (1) 


c, is a constant which includes the geometry of the spectrometer, the power 
into the x-ray tube, etc., and of particular interest, the probability of a transi- 
tion which will produce the line \ after an electron has been removed from 
the proper inner shell. F(x) is the ionization function or the probability of 
ejection of an electron from a particular shell by an incident electron with 
the velocity which it retains after penetrating the target to the depth x. 
e~*,7/sin? is the correction for the absorption of the x-rays between the depth 
x of their emission and the surface of the target, when the¥ are measured at 
an angle @ with the surface. yw, is the absorption coefficient of the target ma- 
terial. 

The total intensity J observed for the line is the integral of Eq. (1) from 
the surface of the target to the depth x» where the velocity of the impinging 
electrons has been reduced so much that they are no longer able to remove 
electrons from the proper inner shells. 


J, = af F(x)e-"nz/singg x, (2) 
0 


It is more convenient to use as the variable V,, the velocity of electrons in 
electron kilovolts at the depth x. The relation between V, and x is taken 
from the Thomson-Whiddington equation V,?= V?—bx or x=(V?—V2)/b. 
Eq. (2) now becomes 


2c 2 . of 2 . 
Jy = — ev nine f F(x)e¥= /bsindV dV. (3) 
b Ve 
The integration is between the limits V, which is the velocity of the im- 
pinging electrons at the surface of the target, or the voltage across the x-ray 
tube, and Vo, which is the critical excitation voltage for the line A. 
Before Eq. (3) can be integrated, an expression for F(x) must be found. 
Rosseland*®® has found from theoretical considerations 


Fr(x) = k&(1/V2)(1/Vo — 1/V.). (4n) 
Webster, Clark, Yeatman, and Hansen* have an empirical 
Fw(x) = k(l — Vo/V2)/(3 + Vi/Vo). (4w) 


which they find fits experimental curves of intensity vs. tube voltage with a 
thin target better than Rosseland’s expression does. k, in Eq. (4) represents 


19 Axel Jénsson, Zeits. f. Physik 43, 845 (1927). 


20 S. Rosseland, Phil. Mag. 45, 65 (1923). 
21 Webster, Clark, Yeatman, and Hansen, Proc. Nat. Acad. Sci. 14, 679 (1928). 
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the relative probability of a particular inner shell being ionized, and the re- 
mainder of the equation gives the variation of this probability with the veloc- 
ity of the impinging electrons. The subscripts R and W are used to denote 
the results dependent on each of the two preceding expressions. 

Inserting Eq. (4) in Eq. (3), we obtain 








Jr = Zen _nVibsint A,» 

b 
2ck 
Jw = ; * V pe-HaV?/b sind 4, 5 
where 

Ayr = LG ome — Jerr iesintay (5 ) 

v.\Vo Vz ‘ ¥ 
v— V, + Vz 

Ayw = f pres alt. ehrVz*/bsindgy (Sw) 

Vo 3V 0 + Ve 


Taking the ratio J,/Ja which was defined as J,’ in the preceding experimental 
data, 


I'yp = Pyea-mV*/b8in9( 4p /A gr) (6p) 
Tw = Px(Vax/Voue%eV*/>8i09(4 yw /Aaw) (6m) 
where 
Py = Cry / Cake 


Geometric, etc., factors in c, and ¢c, cancel, so there remains in P, only the 
ratio of probabilities of transitions which will produce particular lines when 
electrons have been removed from the proper inner shells, times the prob- 
abilities of these particular electrons being removed. The purpose of the 
preceding intensity measurements and the subsequent calculations was to 
evaluate P,, called the transition probability. 

For numerical evaluation it is more convenient to have Eq. (6) in logarith- 
mic form. 


log I’xr = log Py, + 0.4343(ua — wr) V2/b sin 6 + log Ayr + log Aar 
log I’;w Ss log Py, + log Vox — log Voa + 0.4343(ua — pa) V?/0 sin 0 
+ log Ayw — log Aaw. 


The factor 0.4343 changes from a logarithm to the base e to a logarithm to 
the base 10. The correction factor F; is the expression which must be multi- 
plied by, or in the logarithmic form, added to, J,’ in order to obtain P). 


log Fir = 0.4343(u, — wo) V?/b sin @ + log Aar — log Ayr (7R) 
log Fiw = log Vow — log Vox + 0.4343(u, — we) V?/b sin 0 


+ log Aaw — log Ayw. (7w) 
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The definite integrals in Eq. (5) are not readily obtained. It is sometimes 
more convenient to divide log F; into two parts, such that 


log F; = log F, + log Fy. (8) 


Log F, is defined as the value of log F; when 1/sin @=0 (an imaginary value 
of 0). Log F, is then defined by Eq. (8). The advantage of this separation is 
that log F, can be evaluated by integration, and log F, is so small that an ap- 
proximate estimate of its magnitude is sufficient. By calculation, F, was 
found to vary not more than 0.003 per unit of atomic number, for the ele- 
ments from tantalum to platinum, with V=30 and 1/sin @=1. 

Setting 1/sin @=0 in Eq. (5) and integrating, we get 


Ayro = V/Vo — (1/0.4343) (log V — log Vo) — 1 (9p) 
Axwo = V. — Vo — (4V0/0.4343) log (V/4V + 3). (Ow) 
Using Eqs. (7) and (9), we find that 


V 
Voa 0.4343 





log Fur = log { (log V — log Voa) — i! 








V 1 
— lo \ — log V — log Va) — i} 10 
Soe ~ aaa g Van) (10) 


log Fuw = log Voa — log Von 








AV 
+1 \V — Vou - log (V/4V oa »! 
” = — 434g 8 Me tO 
r r 4V on 3 
— log, V — Va - = aan log (V/4Voa + pt : (10) 


At least qualitatively we may call F, the correction for tube voltage (replacing 
the correction to infinite voltage which has been used heretofore). Then F, 
may be called the correction for absorption within the target (which has 
usually been neglected heretofore). As log F,, approaches zero the application 
of the foregoing names to F, and F, becomes more nearly correct. When log 
F,, becomes numerically large, due to considerable absorption within the tar- 
get, the effects of tube voltage and of absorption within the target become 
interrelated due to the greater absorption of x-rays from greater depth, and 
thus the fraction of the beam produced by electrons of one velocity is not the 
same as the fraction which escapes from the target. 


EXPERIMENTAL VERIFICATION OF THE CORRECTION WITHIN THE TARGET 


In order to test the validity of the preceding theory, experimental meas- 
urements pertaining to the correction within the target were made with a 
platinum target and are shown in comparison with the theoretical calcula- 
tions in Fig. 2. The curves represent the theoretical values of log F, and the 
points show experimental values. The theoretical values were obtained by 


\ 
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evaluating Eq. (7). The integration was accomplished graphically, by draw- 
ing the curve of the function and measuring the area below it. 1/sin @ is used 
instead of @ as the abscissa since the thickness through which the x-rays from 
a given point are absorbed before leaving the target is proportional to 1/sin 6, 
and the curves with this abscissa are more nearly linear. Table VIII gives the 
data for the theoretical curves. 


TABLE VIII. Calculated values of F, for platinum at different angles. 
































1/sin 0 log Furs, log Fuws, log Fury, log Fuwy 
1 —0.020 —0.013 —0.004 0 
4 —0.071 —0.056 —0.006 0 
8 —0.120 —0.102 —0.010 0 
16 —0.183 —0.161 —0.008 —0.025 
32 —0.254 —0.225 —0.026 —0.018 
0 Oo log Fuway Oo 
log Furs, 
<< 
1) 
-0.1—— 
ie) 
Pag 
PL ° 
7. == 
| | | 
0 10 20 30 °™ 


VYsin@ 
Fig. 2. Calculated curves and experimental points for the logarithm of the reciprocal of 
the relative intensity as observed at different angles from the surface of a polished platinum 
target. 


The apparatus used for the experimental measurements was the same as 
described previously for relative intensity measurements, with the exception 
of the x-ray tube and its mounting. The electron beam was perpendicular to 
the face of the target. The tube was mounted so that it could be rotated 
about a vertical axis through its focal spot, and the window of the tube was 
made large enough to permit the beam to be observed at angles from 0 to 30° 
with the surface of the target. 











TABLE IX. Experimental data for I(8:). 



























































Trial I(8;) I(Wa) 
@= 28°08’ 1 37.0 10 
1/sin @=2.19 2 36.8 10 
I'(B1) =37.6 3 38.2 15 
log Z’(8:) =1.575 4 36.0 40 
5 36.0 39 
6 37.0 13 
7 37.0 15 
8 37.5 3 
@=19°22’ 1 37.0 3 
1/sin @=3.02 2 38.9 3 
I'(8:) =38.0 3 38.0 3 
log J’(8:) =1.580 
6= 14°13’ 1 37.9 3 
1/sin @=4.07 2 37.9 3 
I'(8:) =37.9 
log I’(8,) =1.579 
6=12°40’ 1 35.7 37 
1/sin @=4.56 2 39.9 3 
I'(B1) =38.5 3 39.5 3 
log J'(8:) =1.585 4 38.8 7 
5 38.8 8 
6 38.3 8 
6=8°31’ 1 38.6 16 
1/sin @=6.75 2 39.8” 3 
I'(B:) =39.0 3 38.8% 3 
log J’(8:) =1.591 
6=4°52’ 1 43 .42 5 
1/sin @=11.78 2 42.6” > 
I'(8:) =42.5 3 42.42 5 
log I’(8:) = 1.628 
6=2°06’ 1 48 .5% 8 
1/sin 6=27.3 2 46.2" 8 
I'(8:) =46.0 3 46.6 9 
log I’(81) = 1.663 4 46.62 10 
TABLE X. Experimental data for I(y:). 
Trial I(y1) I(Wai) Weight 
@=19°22’ 1 11.9 6 3 
1/sin @=3.02 2 11.9 8 1 
I'=12.6 3 12.0 8 2 
log J’=1.100 4 11.6 8 2 
5 12.0 8 2 
6=4°52’ 1 10.7 15 2 
1/sin @=11.78 2 10.9 15 1 
I’=12.3 3 10.8 16 2 
log I’ = 1.090 4 11.8 6 2 
5 11.7 6 3 
6=2°06’ 1 12.1 10 1 
1/sin 6=27.3 2 11.3 10 3 
I’=12.4 3 11.0 12 3 
log I’ = 1.093 4 11.4 13 3 














22 A 0.0033 cm mica window was used on the x-ray tube. The observed J(8,;) has been 
corrected to be comparable with the values observed with the 0.0020 cm window used elsewhere. 
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TABLE XI. Experimental values for F, of platinum at different angles. 











1/sin 6 log I’(8,) log Fug, log I'(-y;) log Fuy, 
2.19 1.575 —0.056 
3.02 1.580 —0.061 1.100 —0 .006 
4.07 1.579 —0.060 
4.56 1.585 —0 .066 
6.75 1.591 —0.072 
11.78 1.628 —0.109 1.090 0.004 
27.3 1.663 —0.144 1.093 0.001 








The measurement procedure and base corrections were the same as those 
used in the intensity measurements. In Tables IX and X are shown measure- 
ments of J, at different angles, and Table XI summarizes these data. The 
I(8;) and I(y:) measurements were made under different conditions of the tube 
window and ionization chamber pressure. They were not corrected to the 
same conditions, since it is unnecessary. Since many of the measurements 
were made with an appreciable tungsten film on the target, the corrected av- 
erage J,’ is obtained by plotting J, versus /(Wa;), the intensity of tungsten 
La, and extrapolating to [(Wa,) =0. 

When @ is varied the transition probability and the corrections other than 
F,, do not vary, so the observed variation in J,’ must be inversely propor- 
tional to the variation in F,. Since the transition probability is an unknown 
factor in the proportionality constant, the experimental points are adjusted 
(by an arbitrary additive constant when expressed in logarithmic form) to 
fit the calculated curves as well as possible. 

It is seen in Fig. 2 that there is a qualitative agreement between the two 
different theoretical and the experimental results. In each of the three cases 
Fg, decreases sharply and F,,, remains nearly constant with 1/sin 6. 

The difference between the Rosseland and the Webster calculations con- 
sists of a slight separation of the curves. The difference between the shape of 
the two theoretical curves is less than the separation between them and the 
experimental points. Consequently no information is gained concerning the 
relative accuracy of the Rosseland and the Webster functions. In the calcu- 
lations it is assumed that the surface of the target is a perfect plane. The av- 
erage depth of production is approximately 4000A. It is believed that the ir- 
regularities on the surface of the target were small compared to this depth. 
The calculations do not take any account of ionization in the target produced 
by indirect means, such as reabsorption of x-rays. Presuming that one of the 
theories is correct, both irregularities on the surface and indirect ionization 
may contribute to the disagreement of the experimental points. 

The approximate average depth of production is determined by observing 
that when 1/sin @=1 all the curves of Eq. (5) (the curves which were drawn 
for graphical integration) were roughly linear, touching zero at V,= Vo. The 
abscissa is V, and the ordinate is the intensity contributed at the depth x 
corresponding to V,. Therefore the center of gravity has the V, of the average 
depth of production. The center of gravity of the triangle is } of the way from 
V=30 to V)»=12, or V,=24. With the use of the Thomson-Whiddington 
equation, the corresponding x=4X10->=4000A. 






























RELATIVE INTENSITIES OF X-RAY LINES 


APPLICATION OF THE CORRECTION WITHIN THE TARGET 


Log Fiz and log Fy were calculated for the preceding intensity measure- 
ments, with graphical integration, and are shown in Table V. Since the inci- 
dent beam of electrons and the emergent x-ray beam each make a 45° angle 
with the face of the target, the depth of the penetration of an electron before 
ionizing an atom is equal to the thickness of target material which the x-rays 
must pass through to reach the surface. This is the same condition as 1/sin 
6=1 when the electron beam is perpendicular to the face of the target. 
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Fig. 3. Intensity relative to La;=100 at 30 k.v. without correction for partial reflection 
by the crystal. Plus signs, Jénsson; squares. with dots, Hicks; crosses, Allison and Andrew; 
circles, Andrew. 


CONCLUSION 


In Table V the corrected intensities are given in three forms, P’, Pp, and 
Pw. The first is the intensity with all corrections except for partial reflection 
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at the crystal and for effects within the target. In this form the data are com- 
parable to those of previous investigators, which are also shown in Table V. 
The published data of Jénsson at 20 k.v. werecorrected to 30k v. by the as- 
sumption that the intensity of a line is proportional to (V— Vo)*. The pub- 
lished data of Allison and Andrew were corrected for absorption in air and 
in the tube and ionization chamber windows. Pp and Py are the transition 
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Fig. 4. Transition probability relative to La,=100 calculated with the Rosseland function, 


probabilities according to the Rosseland expression and according to the 
Webster expression, respectively. In Figs. 3, 4 and 5 the results in the three 
forms mentioned are plotted against the atomic number. In Fig. 3 the meas- 
urements of other investigators are shown for comparison. It is seen that the 
results reported here are in good agreement with former work, and are quite 
consistent from element to element. 
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The Webster expression gives transition probability ratios which agree 


much better than those from the Rosseland expression with the theoretical 
predictions of the sum rule of Burger and Dorgelo.* The predictions are 


P(a): P(B1) = P(B2):P(yi1) = 9:5. 
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Fig. 5. Transition probability relative to La; =100 calculated with the Webster, Clark, Yeat- 
man, and Hansen function. Full curve, experimental; broken curve, sum rule. 


The dotted curves in Fig. 5 show the predictions for P(8,) ((5/9)P(a:), 
P(a@) =100) and P(y:) ((5/9)P(62), experimental values of P(82)). 

It should be observed that the empirical origin of Eq. (4w), which may be 
written 


* Burger and Dorgelo, Zeits. f. Physik 23, 258 (1924). 
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Fw(x) ee 5. Ao es 
x) = — 
i a Se 








(4w’) 


permits changing Vp in the coefficient to any other power without invalidating 
the agreement of the function with the experimental data for which it was 
originated (the variation of intensity of one line with V,, hence Vo was a 
constant). The first power of Vo is apparently a fortuitous circumstance 
which results in making the observed intensities agree so closely with the sum 
rule. Inserting a Vo in the coefficient of the Rosseland function would make 
the observed intensities with the corresponding correction fall much closer 
to the sum rule predictions. However, the theoretical derivation of the Rosse- 
land function shows that such a constant cannot be arbitrarily inserted. 
The writer wishes to take this opportunity to express his thanks for the 
use of the x-ray spectrometer and his appreciation to Professor S. K. Allison 
for the suggestion of the problem and guidance during the investigation. 
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The Band Spectra of MgO, CaO and SrO 


By P. C. MAHANTI 
University College of Science and Technology, Calcutta 


(Received September 9, 1932) 


New measurements of the wave-lengths of the band heads attributed to the 
oxides of Mg, Ca and Sr have been made from moderate dispersion spectrograms. 
For each of these molecules the bands have been classified into two systems. The 
equations of the band heads in terms of half-quantum numbers for the different 
systems are as follows: 


MgO, red bands: 
» = 16,418.06 + {821.95(o’ + 3) — 4.05(0’ + 4)2} 
— {665.74(v” + 4) — 4.41(v” + 4)*} 
MgO, green bands: 
vy = 19,944.82 + {811.67(v’ + 3) — 3.74(v’ + 3)*} 
— {771.42(v” + 4) — 4.81(0” + 4)*} 
CaO, blue bands: 
v = 23,817.62 + {726.53(v’ + 4) — 11 .66(v’ + 3)*} 
— {811.28(0” + 4) — 6.60(v” + 4)*} 
CaO, ultraviolet bands: 
y = 28,849.13 + {565.06(0' + 3) — 4.48(v’ + 4)?} 
— {725.37(0” + 3) — 3.56(v” + 4)?} 
SrO, blue bands: 
vy = 24,702.81 + {519.09(0’ + 3) — 3.50(v’ + 4)*} 
— {653.47(v” + 4) — 4.02(0” + 4)*} 
SrO, ultraviolet bands: 
y = 28,622.18 + {497.81(o' + 4) — 5.97(v’ + 4)*} 
— {679.13(0" + 3) — 9.13(0” + §)%}. 


INTRODUCTION 


HE earliest spectroscopic workers' noticed in the spectrum of Mg, Ca and 

Sr or their salts subjected to a variety of conditions of excitation, a class 
of bands, which were ascribed by them either to the metals or to their oxides. 
Kayser was, however, of opinion that both types of bands are present in the 
spectrum. He has collected the old measurements of wave-lengths of the band 
heads but no satisfactory agreement is to be found among the various data. 
With the improvement of the experimental technique, it has however been 
found that some of these bands, although they appear in the ordinary arc or 
flame spectrum of Mg, Ca and Sr or their salts, fail to show themselves if the 
arcing is conducted in vacuum or in a dry hydrogen or nitrogen atmosphere 


1 Kayser, Handbuch der Spectroscopie 5, 252, 717 (1910); 7, 172 (1924); 6, 551 (1912). 
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but increase in their intensity depending on the amount of oxygen present. 
It is these bands which have been ascribed to the oxides and they form the 
subject of the present investigation. 

In 1927, Mecke and Guillery? analyzed one system in the case of CaO and 
SrO from the old data then available. The present analysis however dis- 
closes that they have used parts of two different systems for CaO. For SrO 
they have not published any data of band heads analyzed by them. More 
recently a vibrational quantum analysis* of the well-known green bands of 
MgO from measurements on low dispersion spectrograms (about 23A/mm 
at \5000) has been published. 

The present paper deals with the vibrational quantum analysis of the 
bands of MgO, CaO and SrO from new measurements of the wave-lengths 
of band heads, believed to be more accurate than existing data. For each of 
these molecules, the spectrum has been investigated between the region 
47500-A2300, and the bands have been found to form two different systems. 
Only the bands of MgO lying in the red region appear to offer the best pos- 
sibilities for a fine structure analysis. Such an analysis is being undertaken 
and will be reported in a subsequent paper. 


EXPERIMENTAL 


The spectra herein described, except that of magnesium, were produced 
in electric arcs between carbon electrodes with some salt of the element under 
investigation. In the case of magnesium the lower electrode (+) was drilled 
to hold magnesium rods about } inch in diameter. During a single exposure 
several rods had to be used. The salts employed were pure anhydrous calcium 
chloride and strontium chloride. The arc was operated on a 220 volt d.c. cir- 
cuit with the current varying from six to seven amperes but in the case of 
magnesium, the current was about an ampere. 

Spectrograms were taken with the Hilger-Littrow-mounted E.1 prism 
spectrograph, having a dispersion with the glass optical system of approxi- 
mately 35A/mm at A7500 to 6A/mm at A4400, and with the quartz system 
of 17A/mm at 44500 to 2A/mm at A2300 as well as in the first and second 
orders of a 15 ft. Rowland concave grating set up in a Paschen mounting. The 
dispersion in the first order is about 3.52A per mm. Ilford Empress and green 
sensitive orthochromatic plates as well as special rapid panchromatic plates 
freshly dyed with pinacyanol were used. 

The heads are apparently single and fairly sharp except where they are 
greatly superposed by the structure lines of the preceding bands. With a 
Gaertner comparator (MI201a), the intense band heads were measured on 
grating plates while prism spectrograms of moderate dispersion were used 
for the measurement of the weaker ones. For standards, iron and neon lines 
were taken. 

Eye estimates of the intensities of the heads were made from the plates 
taken with the prism spectrographs. 


2 Mecke and Guillery, Phys. Zeits. 28, 514 (1927). 
’ Ghosh, Mahanti and Mukherjee, Phys. Rev. 35, 1491 (1930). 
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The band head data and their vibrational quantum assignments are given 
in Tables I-VI. A is the wave-length in air in international angstroms, J the 
visual estimate of the relative photographic intensity of the band heads, and 
vy the vacuum wave-number in cm~'. O-C is the difference between the wave- 
number observed and that calculated from the empirical equation for each 
system. 

Magnified reproductions of typical sequences in the band systems of 
MgO, CaO and SrO are given in Figs. 1, 2 and 3. 


MAGNESIUM OXIDE 


In the spectrum of magnesium arc in air the band groups lying between 
\7000-A5250 and also extending as far as \4700 as well as those at 45205 and 
45007, which are given in the excellent reproduction of Eder and Valenta,‘ 
have been attributed to the oxide of magnesium while the ultraviolet bands 
and a number of visible bands at \5125 and A4819 have been ascribed to the 
metal. The bands at 45007 were observed by each one of the earliest spectro- 
scopic workers’ in the spectrum of magnesium or its salts under various modes 
of excitation. Lockeyer® found them also present in the spectrum of nebulae. 
The band group at \5205 was obtained only by Eder’ in the flame and spark 
spectra of magnesium and by Brooks’* in the anode spectrum in oxygen when 
a high voltage unidirectional but pulsating discharge was passed between 
magnesium electrodes. In addition to the above two groups of bands, the lat- 
ter also observed a number of bands at the red end of the same spectrum and 
gave approximate measurements of seven band heads between A6600—A5250. 
In the present investigation as many as twenty-five heads have been meas- 
ured in this region and the measurements extended on both sides thus bring- 
ing the total number of heads measured to forty-seven for the red bands. 
Spectrograms taken with the glass spectrograph as well as in the first order 
of the 15 ft concave grating were used for measurements which are correct 
to +0.05A. The two band groups at 45205 and 5007 were also measured 
from the glass prism spectrograms as well as from those taken in the second 
order of the same grating. They form, respectively, Avy = +1, and 0 sequences 
of the green system, which includes twenty-three band heads. 

The red bands are not of perceptible intensity in the usual flame sur- 
rounding the magnesium arc in air. But they are fairly intense if the arc 
bursts out into a vigorous flame. With an exposure for about an hour with 
this type of flame, they are well developed on the plates taken with the glass 
spectrograph, but the band heads lying below \5210 are very much super- 
posed by the green bands. 

So far as the writer is aware, no new measurements or vibrational quan- 
tum analysis of the red bands have yet been published, while for the green 

‘ Eder and Valenta, Atlas Typischer Spekiren, Wien (1924). 

* Kayser, Handbuch der Spectroscopie 5, 717 (1910). 

* Lockeyer, Proc. Roy. Soc. 48, 167 (1890). 

7 Eder, Denkschr. Wien. Akad. 74, 45 (1903). 

8 Brooks, Astrophys. J. 29, 177 (1909). 





612 P. C. MAHANTI 


+*35775.50 


~ 6311-75 


1 314 


> 6581.05 
i (0,2) 


puog (o'r) 
puvg (140) 


“oy Jody ‘q ‘e :Qsyy Jo spueq pay 





y 6060.31 





F 5518.78 


puod (0‘O) 


puog (0'2) 





+ 3]7550 
1,0) 


*‘Japso IsjY Surjess ‘se, 3S ‘p ‘3 ‘ ydvi301}90ds ssv3 “ZC 











BAND SPECTRA OF MgO, CaO AND SrO 613 


~3753.20 
(0,3) 
= " 4505.00 
a -3656.60 (0,2) 
A (0,2) 
= ce 4351.20 
SF Be _ 350400 (0.1) 
- < (0,1) B 
o> (6S 5 
Of p 
© 3 We -4205.10 
S PRR -s494.70 (0.0) 
- £ (1,4) 
5 ¢ = 3475.00 
m (0,0 
2 -4084.30 
5 (1,0) 
PD -3409.10 
(1,0) 
3 -3973.90 
3 (2,0) 
Y -3346.10 
(2,0) 
_ 3872.90 
(3,0) 
~ 3854.10 
5-328 740 (4,0) 
3,0) 





-3755,20 





614 





-3075A 
(1,0) 
F 35038 P 
= (0,0) ) 38971 
(20) 
Cn 
P 34452 
(1,0) 
—3389.8 
(20) 
33375 
~ P 36460 
—_ a (3.4) 
—5288.1 © 
: (40) & 
=. -3586.9 
(0,1) 
—3241.4 
(5,0) 


Fig 3. Right half of figure, green bands of MgO (15 ft. grating 








P. C. MAHANTI 


—4281.0 
(0,2) 


» —FNOT2 


(0,1) 


L -A787-2 





5075.5 
(0,8) 


-4928.1 
(0,7) 


(0,6) 


-4652.4 
(0,5) 


—4523.3 


(0,4) 


—5007.32 
scared (0,0) 
uumemeemeees ~ (0,1) 


er ~(2.,2) 


eo —(3,3) 


Bt a4) 
-(5,5) 
- (6,6) 


second order). Left half, bands 


of SrO; a, b, Hilger E. 52. glass spectrograph; c, d, Hilger E.1, quartz spectrograph. 

















BAND SPECTRA OF MgO, CaO AND SrO 


615 


bands the analysis has only been done from measurements on low dispersion 
spectrograms. New measurements of band heads as well as their vibrational 


assignments are given in Tables I and II. 


TABLE I. The red bands. New data and vibrational quantum analysis. 











v’ v” Ana. (1.A.) I v (cm-) O—C 
(cm~) 

0 3 6870.19 2 14,551.63 —0.35 

1 4 6783 .61 1 14,737.35 +1.97 

2 5 6699 .97 1 14,921.33 +1.83 

3 6 6617.78 0 15,106.64 +2.29 

0 2 6581.05 3 15,190.95 —0.29 

4 7 6537 .37 0 15 ,292 .46 +2.56 

1 3 6506.26 2 15,365.58 —0.25 

2 4 6432.12 1 15 542.69 +1.57 

3 5 6359 .64 1 15,719.82 +2.68 

0 1 6311.75 4 15,839.35 +0.01 

4 6 6289 .93 0 15,894.04 +0.16 

1 2 6246.38 3 16,004 .95 —0.14 

5 7 6220.59 0 16,071.21 +0.12 

2 3 6181.84 2 16,171.95 +0 .38 

3 4 6118 .47 1 16,339.45 +0 .69 

0 0 6060.31 6 16,496.25 +0 .00 

1 1 6003 .26 2 16,552.99 —0.20 

2 2 5947 .18 1 16,810.05 —0.78 

1 0 5775.50 5 17 309.73 —0.37 

2 1 5726.34 3 17 ,458.33 —0.60 

3 2 5677 .03 2 17 ,609 .97 +1.50 

4 3 5629 .06 1 17 ,760 .04 +1.30 

2 0 5518.78 4 18,114.93 —0.91 

3 1 5475 .94 3 18,256.65 +0 .08 

4 2 5433.39 2 18 399.61 +1.61 

5 3 5391.74 1 18,541.74 +1.57 

6 4 5349.78 0 18,687 .17 +4.12 

3 0 5285 .74 3 18,913.58 +0.10 

4 1 5249.58 2 19 ,043 .86 —2.24 

5 2 5212.44 1 19,179.55 +0.12 

4 0 5073 .95 2 19,703 .03 +0 .02 

5 1 5041.44 1 19 830.09 +2.56 

10 7 5034 .12 0 19,858.92 +2.00 
6 2 5010.39 1 19 952.98 +0 .22 

10 6 4887 .09 1 20 ,456.38 —4.52 
11 7 4855 .54 1 20 ,589 .30 —0.43 
6 1 4851.49 1 20 ,606 .49 +5.63 

7 2 4825 .94 1 20,715.58 —2.40 

12 8 4824 .39 1 20,722.23 +2 .94 
8 3 4797 .98 0 20 ,836.30 +0.46 

13 9 4794.59 1 20 ,851 .03 +1.47 
9 4 4772.07 1 20 ,949 .42 —4.98 

14 10 4764.61 1 20 ,982 .23 +1.68 
10 5 4744 .02 1 21,073 .06 —0.63 
15 11 4736.21 1 21,108 .04 —4.22 
11 6 4717.73 1 21,190.72 —2.99 








The equations of the band heads in terms of half-quantum numbers for 
the two systems are as follows. 
For the red system: 


v = 16,418.06 + {821.95(v’ + 3) — 4.05(0’ + 3)3} 
— {665.74(0” + 3) — 4.41(0” + 4)3} 


(1) 
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TABLE II. The green bands. New data and vibrational quantum analysis. 











v’ v”’ Ana. (1.A.) I v (cm) O—C (cm) 
0 1 5205 .96 4 19,203 .42 +0 .03 
1 2 5191 .98 4 19,255.13 +0 .00 
2 3 5177.37 3 19,309 .46 +0.01 
3 4 5162.50 3 19,365.50 —0.16 
4 5 5146.85 3 19 ,423 .96 —0.03 
5 6 5130.58 2 19 ,485 .56 +1.12 
6 7 5113.75 1 19,549.69 +2 .68 
7 8 5097 .04 1 19 613.74 +2.04 
8 9 5081.45 0 19 673.95 —4.56 
0 0 5007 .32 10 19,965.21 0.00 
1 1 4996.71 9 20 ,007 .60 +0 .02 
2 2 4985 .92 8 20 ,050 .90 —1.17 
3 3 4974.47 7 20 ,097 .06 —1.62 
4 4 4962.10 6 20,147.15 —0.26 
5 5 4949 .53 5 20,198.32 +0 .06 
6 6 4935 .30 4 20 ,256.56 +5.53 
7 7 4923 .87 3 20 ,303 .58 —2.74 
8 8 4908 .61 2 20 ,366.70 +3.17 
9 9 4895 .20 2 20 ,422 .49 —0.37 

10 10 4880 .69 2 20 ,483 .20 —1.11 

11 11 4865 .41 1 20,547.53 —0.35 

12 12 4849 .63 0 20 ,614.39 +0.82 

13 13 4834.05 0 20 ,680 .82 —0.56 








and for the green system: 
y = 19,944.82 + {811.67(v’ + 3) — 3.74(0" + 4)3} 
— {771.42(0” + 4) — 4.81(v” + 4)3}. 


The intensity distribution among the band heads of the red system fol- 
lows a typical wide Condon’ parabola as is usual for high temperature emis- 
sion spectra. The bands associated with either v’=0 or v’’=0 are developed 
strongly but those associated with v’=0 are more intense than those with 
v’’=0. On the other hand, for the green system, the intensity distribution 
lies on a very narrow Condon parabola. The distribution of the bands in a 
Av=0 sequence with only weaker Av = +1 sequence is in theoretical accord- 
ance with the very small change in vibrational frequency as is indicated by 
Eq. (2), and with correspondingly small change in moment of inertia which 
it accompanies. In fact, in the extreme case, the small percentage change in 
moment of inertia is indicative of a very narrow Condon parabola in the 
v’,v’’ array of bands and only the Av =0 sequence is to be expected. Probably 
for the green bands, the sequence Av= —1 is present but the bands are too 
weak to be measured under the high magnification of the comparator. 

It is evident from Eqs. (1) and (2) that while w,’>w,’’, we’xe’ <we'’x.’’. 
As a result of this, the successive heads in a sequence diverge with increasing 
quantum number. The heats of dissociation calculated for the lower levels 
of the two systems are, respectively, 3.06 and 3.76 volts. 


(2) 


CALCIUM OXIDE 
In 1906 Olmsted,'° during the course of his investigation of the spectra of 
the flame of the oxy-hydrogen blow-pipe fed with calcium salts, measured 


® Condon, Phys. Rev. 28, 1182 (1926). 
10 Olmsted, Zeits. f. Wiss. Photo. 4, 255 (1906). 
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thirty-two heads between the region \4400-A3300 and attributed them to the 
metal. Later on Eder and Valenta™ photographed the spectra of the flame 
of the arc as also of the oxy-coal gas with different salts of calcium introduced 
into it and published measurements of a number of band heads lying between 
46650-5300 and also between \4600-A3400. They, however, ascribed all these 
bands to the oxide. In 1914 Harnack™ was led to the same view from a sys- 
tematic investigation into the spectra of the flame arc in the atmosphere of 
oxygen and hydrogen as also of the flame formed by spraying finely powdered 
salts of calcium across an uncondensed spark. In the present investigation 
only the bands lying between \4600-A3200 have been definitely ascribed to 
the oxide while those between \6750-A5300 are probably emitted by the 
metal. They are very much superposed by the well-known CaCl bands lying 
in this region. Seventy-seven heads have been measured on prism spectro- 
grams for the oxide bands and the wave-lengths are correct to +0.1A. Their 
analysis is presented in Tables III and IV. In 1927, Mecke and Guillery? 
classified twenty-eight heads from the measurements of Olmsted into a single 
system but it now appears that they used parts of two different systems. 


TABLE III. The blue bands. New data and vibrational quantum analysis. 











v’ v” Ana. (1.A.) I v (cm~) O— C (cm) 
5 7 4597 .0 0 21,747.24 —0.23 
4 6 4573.9 0 21,857.07 +0 .65 
3 5 4553.4 1 21,955.48 +0.23 
2 4 4535.1 2 22 ,044 .07 +0.10 
1 3 4519.1 3 22,122.12 —0.43 
0 2 4505 .0 4 22,191.35 +0 .33 
5 6 4449 .9 2 22 466.13 —0.22 
4 5 4425.8 3 22 ,588 .46 —0.04 
3 4 4403 .9 6 22,700.79 +0 .26 
2 3 4384 .3 6 22 ,802 .27 —0.17 
1 2 4366.7 5 22,894.18 —0.05 
0 1 4351.2 5 22,975.73 —0.17 
6 6 4336.7 0 23,052.55 —0.41 
5 5 4309.5 1 23 ,198 .04 —0.39 
4 4 4284.6 1 23 ,332 .86 —0.92 
3 3 4261.8 2 23 ,457 .68 —1.33 
2 2 4240.8 3 23 ,573 .84 —0.28 
1 1 4221.9 5 23 ,679 .37 +0 .26 
0 0 4205.1 6 23,773.97 —0.01 
5 4 4175.4 1 23 ,943 .08 —0.63 
4 3 4149.8 2 24 ,090 .77 —1.49 
3 2 4126.0 3 24,229.74 —0.95 
2 1 4104.1 4 24 ,359 .03 +0 .03 
1 0 4084 .3 5 24,477.11 —0.08 
6 4 4075.5 0 24,529.96 —0.36 
5 3 4047 .3 1 24,700 .88 —1.31 
4 2 4020.9 1 24 ,863 .05 —0.89 
3 1 3996.5 2 25,014.85 —0.72 
2 0 3973.9 3 25,187.11 +0 .03 
6 3 3953.4 0 25,287.55 —1.25 
5 2 3924.6 1 25,473.12 —0.75 
4 1 3897 .8 1 25 ,648 .26 —0.56 
3 0 3872.9 2 25,813.15 —0.50 








11 Eder and Valenta, Ailas typischer Spektren, Wien (1924). 
12 Harnack, Phys. Zeits. 15, 578 (1914). 
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TABLE IV. The ultraviolet bands. New data and vibrational quantum analysis. 














v’ v” Ana. (1.A.) I v (cm™) O—C (cm) 
2 7 4000 .0 1 24 ,992 .96 —0.79 
1 6 3979.5 1 25,121.71 —0.44 
0 5 3959 .4 2 25 , 249.23 +0 .53 
4 8 3937 .3 0 25 ,390 .95 —1.80 
3 7 3915.7 1 25,531.01 —0.93 
2 6 3894.7 2 25 ,668 .67 —0.62 
1 5 3874.2 2 25 ,804 .49 —0.31 
5 8 3858 .3 1 25 ,910 .83 —2.18 
0 4 3854.1 2 25 ,939 .07 +0 .60 
+ 7 3836.2 1 26 ,060 .10 —1.06 
3 6 3814.7 1 26,206.97 —0.49 
2 5 3793.7 2 26 ,352 .04 +0.11 
1 a 3773.2 2 26,495 .20 +0.64 
5 7 3761.2 0 26,579.73 —1.68 
0 3 3753.2 3 26,636.39 +1.04 
+ 6 3739 .2 1 26,736.12 —0.56 
3 5 3717.8 1 26,890.01 —0.10 
2 4 3696.9 2 27 ,042 .02 +0 .32 
1 3 3676.5 3 27,192.07 +0 .62 
5 6 3667 .9 0 27,255.82 —1.12 
0 2 3656.6 4 27,340.05 +0 .69 
4 5 3646.1 1 27 ,418.78 —0.55 
3 4 3624.8 2 27,579 .90 +0 .02 
2 3 3604 .0 2 27 ,739 .06 +0 .47 
1 2 3583 .7 3 27,996.19 +0.73 
0 1 3564 .0 5 28 ,050 .38 —0.11 
4 4 3556.6 0 28,108.74 —0.36 
3 3 3535.4 1 28,277.29 +0 .52 
2 2 3514.8 2 28 ,443 .02 +0 .42 
1 1 3494.7 3 28 ,606 .60 +0.01 
0 0 3475 .0 6 28,768.77 +0 .03 
4 3 3470.5 0 28 ,806.07 +0 .08 
3 2 3449 .6 1 28 ,980 .59 —0.19 
2 1 3429.1 2 29,153.84 +0.11 
1 0 3409.1 a 29,324.87 +0 .03 
4 2 3387.7 0 29,510.11 +0.11 
3 1 3366.9 1 29 692.41 +0 .50 
2 0 3346.7 3 29 872.52 +0 .53 
5 2 3329 .0 1 30 ,030 .44 +0.18 
+ 1 3308 .0 2 30,221.08 —0.05 
3 0 3287.4 3 30 410.45 +0.29 
6 2 3273.3 0 30 541.44 —0.12 
5 1 3252.0 1 30,741.47 +0 .08 
4 0 3231.2 2 30 ,939 .35 —0.03 








The equations of the band heads in terms of half-quantum numbers for 


the two systems are as follows. Blue bands: 


y = 23,817.62.4+ {726.53(v’ + 3) — 11.66(v’ + 3)3} 
— {811.28(0” + 3) — 6.60(0” + 3)%} 


and ultraviolet bands: 


vy = 28,849.13 + [565.06(v’ + 3) — 4.48(v’ + 3)?} 
— {725.37(0" + 4) — 3.56(0” + 3)?}. 


As in the case of MgO band systems, the bands of CaO forming a sequence 
diverge with increasing quantum number. This is evident from Eqs. (3) and 
(4) that while w,’<w.’’, we’ Xe’ >we’’Xe’’. 














BAND SPECTRA OF MgO, CaO AND SrO 619 


The relative intensities of the bands in each system lie on a wide Condon 
parabola as in the case of the red bands of MgO. 

The heats of dissociation calculated for the lower levels of the two systems 
are respectively 3.03 and 4.56 volts. 


STRONTIUM OXIDE 


The earliest spectroscopists® noticed a class of bands between A7000-— 
5800 in the flame and spark spectra of strontium salts and attributed them 
to the oxide. In 1905 Hagenbach and Konen," in addition to these, measured 
another class of bands between \4500-A3600 and attributed them both to 
the metal as their emitter. Later on, Olmsted™ pointed out that the bands 
lying below \3800 were due to the oxide. He photographed the spectrum of 
the oxy-coal gas flame fed with different salts of strontium and published 
measurements of sixty-six heads between \4800-A3600 with a concave grating 
of one meter radius. Afterwards Hartley” noticed these bands in the spark 
spectrum of Sr(NQOs)2 in solution as well as in that of oxy-hydrogen flame 
fed with SrCl, and ascribed a part of the spectrum to the oxide. The bands were 
also measured by Auerbach,!? Eder and Valenta,'!* and by Harnack,!* who 
extended the measurements up to 43200. These authors ascribed all the bands 
to the oxide. Kayser®® was, however, of opinion that the bands in the long 
wave-length region might be due to the metal. In the present investigation 
the bands lying between A7100-A5300 have been definitely attributed to the 
metal and those between 45300-A3200 to the oxide. In the latter region as 
many as 108 heads have been measured from prism spectrograms and an- 
alyzed into two systems (Tables V and VI). The analysis of Mecke and 
Guillery’ is essentially correct for the blue system. It may here be pointed 
out that the metal bands in the long wave-length region are very much super- 
posed by the well-known SrCl band systems as in the case of calcium. 


TABLE V. The blue bands. New data and vibrational quantum analysis. 











v’ v” Ana. (1.A.) I vy (cm™) O—C (cm) 
3 12 5279.5 0 18 ,935 .93 —0.57 
2 11 5263 .0 0 18 ,995 .30 —0.10 
1 10 5246.5 1 19 ,055 .04 —0.30 
0 9 5229.8 1 19,115.88 —0.44 
4 12 5146.0 0 19 427.17 —0.42 
3 11 5128.6 0 19 ,493 .08 —0.41 
2 10 5111.0 1 19,560.21 —0.22 
1 9 5093 .3 1 19 628.18 —0.23 
0 8 5075.5 1 19 ,697 .02 —0.41 
5 12 5021.0 0 19,910.81 —0.87 
4 11 5002 .6 0 19,984.05 —0.53 








18 Kayser, Handbuch der Spectroscopie 6, 544 (1912). 

4 Hagenbach and Konen, Aélas der Emission Spectra, Jena, bei Fischer (1905). 
% Olmsted, Zeits. f. Wiss. Photo. 4, 255 (1906). 

16 Hartley, Trans. Roy. Soc. Dublin 9, (2), 85 (1908). 

17 Averbach, Zeits. f. Wiss. Photo. 7, 30 (1909). 

18 Eder and Valenta, Atlas Typischer Spektren, Wien (1924). 

19 Harnack, Zeits. f. Wiss. Photo. 10, 281 (1912). 

20 Kayser, Handbuch der Spectroscopie 6, 551 (1912). 
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TABLE V. (Continued). 














v’ v”’ Ana. (1.A.) I v (em~) O—C (cm-) 
3 10 4983 .9 0 20 ,059 .03 +0.51 
2 9 4965 .6 0 20,132.95 —1.55 
1 8 4946.9 1 20 , 209 .06 —0.46 
0 7 4928.1 1 20 ,286.15 —0.43 
6 12 4903 .5 0 20 ,387 .92 +0.15 
5 11 4884 .3 0 20 ,468 .06 —0.61 
4 10 4864.8 0 20,550.11 +0 .50 
3 9 4845.5 1 20 ,631 .96 +0 .37 
2 8 4826.1 1 20,714.89 +0.28 
1 7 4806.7 1 20 ,798 .50 —0.17 
0 6 4787 .2 2 20 ,883 .22 —0.55 
6 11 4773.1 0 20 ,944 .91 —0.85 
5 10 4752.8 0 21034 .36 40.66 
4 9 4732.9 1 21,122.81 +0.13 
3 8 4712.8 2 21,212.89 +0.19 
2 7 4692.7 5 21,303.75 —0.01 
1 6 4672.6 4 21,395.39 —0.47 
0 5 4652.4 3 21,488.28 —0.72 
6 10 4647 .4 0 21,511.40 +0.61 
5 9 4626.9 1 21,606.71 —0.06 
4 8 4606.2 2 21,703.81 +0 .02 
3 7 4585.5 3 21,801.78 —0.07 
2 6 4564.8 5 21,900 .65 —0.30 
1 5 4544.1 5 22 ,000 .41 —0.68 
6 9 4526.9 1 22 ,084 .00 +0.14 
0 4 4523.3 4 22,101.58 —0.69 
5 8 4505.7 1 22,187.91 +0 .03 
4 7 4484.5 3 22 ,292 .80 —0.14 
3 6 4463 .3 4 22 ,398 .68 —0.36 
2 5 4442.1 3 22,505.58 —0.60 
1 4 4420.9 5 22 ,613 .50 —0.86 
6 8 4410.9 0 22,664.77 —0.20 
0 3 4399 .6 6 22,722.98 —0.60 
§ 7 4389 .2 1 22,776.72 —0.31 
4 6 4367 .6 2 22 ,889 .46 —0.67 
3 5 4345 .9 3 23 ,003 .75 —0.52 
2 4 4324 .3 3 23,118.65 —0.80 
1 3 4302.7 4 23,234.71 —0.96 
6 7 4299 .2 0 23 ,253 .62 —0.50 
0 2 4281.0 5 23,352.48 —0.45 
5 6 4277.2 0 23,373.23 —0.99 
4 5 4255.1 1 23 ,494 .62 +0 .26 
3 4 4233.2 2 23 ,616.16 —1.38 
2 3 4211.2 3 23 ,739 .54 —1.22 
1 2 4189.1 4 23,864.77 —0.25 
0 1 4167.2 5 23,990.19 —0.13 
4 4 4147.0 1 24 ,107 .04 —1.59 
3 3 4124.7 2 24 ,237 .37 —1.48 
7 6 4110.6 0 24,320.51 +0.11 
2 2 4102.3 2 24,369.72 —0.39 
6 5 4087 .9 0 24 ,455 .56 +0 .02 
1 1 4080.1 2 24 502.31 —0.10 
5 4 4065 .4 0 24 ,590 .91 —1.81 
0 0 4058.0 3 24,635.75 0.00 
4 3 4042.8 1 24,728.37 —1.57 
3 2 4020.1 2 24 ,868 .00 —0.20 
7 5 4010.8 0 24 ,925 .66 —0.97 
2 1 3997 .7 2 25 ,007 .34 —0.16 
6 4 3988 .0 0 25 ,068 .16 —0.65 
1 0 3975.4 3 25,147.61 —0.23 
5 3 3965 .2 1 25,212.30 —0.73 
4 2 3942 .3 1 25,358.75 —0.54 
3 1 3919.6 2 25,505.61 +0 .02 
7 4 3914.6 0 25 ,538.19 -—1.71 
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TABLE V. (Continued). 
v’ v” Ana. (1.A.) I v (cm) O—C (cm) 
2 0 3897.1 3 25 ,652 .86 —0.07 
6 3 3891 .6 0 25 ,689 .12 —2.00 
5 2 3868 .5 0 25,842.51 —0.87 
4 1 3845 .6 1 25 ,996.40 —0.28 
3 0 3822.4 2 26,150.76 —0.26 
6 2 3798 .4 0 26,319.43 —1.04 
5 1 3775.3 0 26,480 .47 —0.30 
4 0 3752.4 1 26,642 .07 —0.04 
TABLE VI. The ultraviolet bands. New data and vibrational quantum analysis. 
v’ v”’ Ana (1.A.) I v (cm~) O—C (cm~) 
2 4 3708 .5 0 26,957.44 —0.72 
1 3 3690 .2 1 27,091.12 +0.79 
0 2 3671.5 2 27,229.10 +0.28 
3 4 3646.0 2 27 ,419.53 —0.63 
2 3 3627 .0 1 27,563.17 —1.10 
1 2 3607 .1 2 27,715.22 +0.53 
0 1 3586.9 3 27,871.30 —0.14 
3 3 3567.1 1 28 ,026 .00 —0.27 
2 2 3546.6 2 28 , 187.99 —0.64 
1 1 3525.4 3 28,357.50 +0.19 
0 0 3503 .8 6 28 532.31 0.00 
3 2 3489 .3 1 28 ,650 .87 —0.39 
2 1 3467.5 2 28 ,830 .99 —0.89 
1 0 3445.2 + 29 017.61 —1.20 
4 2 3435.3 1 29,101.23 —0.10 
3 1 3412.8 2 29 ,293 .08 —0.85 
2 0 3389.8 4 29 ,491 .83 —0.92 
4 1 3361 .2 1 29,742.76 —0.56 
3 0 3337.5 3 29 ,953 .96 —0.16 
5 1 3312.4 0 30,180 .93 —0.52 
4 0 3288.1 2 30 ,403 .97 —0.22 
5 0 3241.4 1 30 ,842 .00 —0.32 








Besides the bands included in the two systems, there are a few unidenti- 
fied heads. These were also measured by Olmsted and others, strongest of 
these are \4135.0 (4), 4113.6 (5) and 4092.6 (4). 

The equations representing the band heads of the two systems are as 
follows. 

For the blue bands: 


vy = 24,702.81 + {519.09(0’ + 3) — 3.50(v’ + 3)?} 
— {653.47(0” + 3) — 4.02(v” + 3)?} 
and for the ultraviolet bands: 
vy = 28,622.18 + {497.81(0’ + 3) — 5.97(v” + 4)3} 
— {679.13(0” + 3) — 9.13(v” + 3)*}. 
Unlike the band systems of MgO and CaO, the bands of SrO in a sequence 
converge with increasing quantum number as is to be expected from the co- 
efficients of w,’, w.’x-’, w.’’ and w,’’x-"’ in Eqs. (5) and (6). On the other hand, 
the distribution of intensity among the various heads of the two band sys- 
tems is very much similar to that of CaO. The heats of dissociation calculated 
for the lower levels of the two systems are, respectively, 3.24 and 1.52 volts. 


My best thanks are due to Professor P. N. Ghosh for offering me all the 
facilities to carry out this investigation. 


(5) 


(6) 
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Of the seven known infrared absorption bands of ozone, four (4.74, 7.39y, 9.6u, 
and 11.384) have been investigated for the first time with a grating spectrometer. 
The band at 4.74 shows three branches, not very sharply defined, while the one at 
7.394 shows only a single peak. The strongest band, at 9.6u, has been resolved into 
two main branches which probably belong to two different vibrations. The band at 
11.384 has been tentatively ascribed to nitrogen pentoxide, which often occurs as an 
impurity in ozone. Three fundamental vibrational frequencies, viz., 528 cm, 1033 
cm, and 1355 cm, have been selected from the observational data. The rotational 
fine structure could not be completely resolved; it appears to have the irregularity 
characteristic of an asymmetrical rotator. The envelopes of the four observed bands 
have been completely mapped out. The infrared absorption spectrum of ozone is dis- 
cussed and it is shown that the molecule cannot have the form of a straight line nor an 
equilateral triangle but it is probably represented by an isosceles triangle where the 
angle at the apex is less than 60°. By making use of these assumptions it was possible to 
order the observed frequencies in a fashion consistent with their envelopes. This gen- 
eral shape of isosceles triangle is the only one allowed by the observational data; the 
other shape of isosceles triangle, with apex angle greater than 60°, is ruled out. 


URING the past ten years ozone has attracted considerable interest and 
many attempts have been made to determine its structure. It is one of 
the few triatomic molecules whose infrared absorption spectrum has not here- 
tofore been investigated with the high dispersion of a grating spectrometer. 
It is true that very many data have been collected on its absorption bands 
in the photographic region of the spectrum, but from these it has not been 
possible as yet to give a satisfactory description of its molecular structure. 
John Tyndall in 1872 discovered that ozone absorbs infrared radiation 
and, in 1904, K. Angstrom? first measured its infrared absorption spectrum. 
With low concentrations of ozone he found bands at 4.8, 5.8u, 6.74 and 9.6. 
A more thorough investigation of the ozone absorption in this region was 
carried out by E. Ladenburg and E. Lehmann* in 1906. By using a more effi- 
cient method of preparation they were able to observe it in higher concentra- 
tions and consequently found some weaker bands which Angstrom had 
missed. They found bands at 1.1y, 3.7y, 4.8u, 5.9u, 6.6u, 7.6u, 9.94 and 11.35. 
Of these, the one at 5.94 was later shown by E. Warburg and G. Leithauser‘* 
to be due to nitrogen pentoxide. 


1 John Tyndall, Contributions to Physics in the Domain of Radiant Heat, London (1872). 

2 K. Angstrom, Arch. f. Mat., Astron., och Physik 1, 347, 395 (1904). 

3 E. Ladenburg and E. Lehmann, Ann. d. Physik 21, 305 (1906). 

4 E. Warburg and G. Leithauser, Ann. d. Physik 23, 209 (1907). See also another paper 
by these same two investigators, Ann. d. Physik 28, 313 (1909). 


622 











ABSORPTION SPECTRUM OF OZONE 623 


Quite recently A. Jakowlewa and V. Kondratjew’ made measurements 
on some of the ultraviolet electronic bands of ozone. They concluded from 
the results of their own measurements and those of others that ozone is a 
linear molecule, but this is not in agreement with our conclusions, as will be 
shown later. 


EXPERIMENTAL 


The classical and most common method of preparing ozone is one using a 
Siemens’ ozonizer, in which a silent electric discharge is passed through air 
or oxygen. This gives only a low yield; the exit gases contain at best only 
about 10 percent of ozone. 

A more efficient method of preparing ozone, described by A. K. Brewer 
and J. W. Westhaver* was used in the present investigation. In this method a 
glow discharge is maintained in oxygen while the discharge tube is immersed 
in liquid air. Under these conditions liquid ozone condenses out on the walls 
of the discharge tube. Practically pure ozone gas may be obtained by dis- 
tilling the liquid ozone thus formed. This last procedure, the distillation of 
the liquid ozone, was a hazardous one in spite of the fact that all organic 
matter was excluded from the entire system. On four different occasions the 
discharge tube exploded violently during the course of the distillation. 

The absorption cells were glass tubes 4.5 cm in internal diameter and 25 
cm and 1 m in length, respectively. Rocksalt windows were fastened on the 
ends by means of a thin, quick-drying lacquer. This method of fastening the 
windows had the advantage of enabling one to remove them when necessary 
by merely soaking in acetone or wood alcohol, thus avoiding the application 
of heat. The ozone was kept in the cells at atmospheric pressure by means of 
traps filled with phosphoric acid. 

The spectrometer was of the usual type employing a rocksalt prism as a 
monochromator for the radiation falling on the grating. The thermocouples 
were very kindly supplied by Dr. J. D. Hardy. They were of the Pfund 
design and were connected to the familiar type of Moll relay, where the de- 
flections of the first galvanometer were amplified. The aperture throughout 
the spectrometer was f5. A 25 cm parabolic mirror of 120 cm focal length 
was used in front of the grating. The slit widths used for each band are in- 
dicated in Fig. 1. With 0.88 ampere passing through the Nernst glower, which 
was used as a source, and the lamp in the Moll relay operating at 2.83 volts 
a deflection of about 70 mm was obtained at 9.64 through the empty cell, 
and with a slit width of 0.3 cm~'. Two gratings were used, with 1440 and 1200 
lines per inch, respectively. The calibrations were obtained from charts pre- 
viously prepared for them by means of standard infrared lines. 

On account of the difficulty and hazard involved in handling highly con- 
centrated ozone no attempt was made to perform a quantitative analysis 
of the contents of the absorption cell. It was, however, possible to make a 


5 A. Jakowlewa and V. Kondratjew, Phys. Zeits. d. Sowjetunion 1, 471 (1932). 
6 A. K. Brewer and J. W. Westhaver, J. Phys. Chem. 34, 1280 (1930). 
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rough estimate of the amount of ozone in the cell from considerations of the 
general behavior of the preparation. 

The results of the investigation are shown in Fig. 1 as a group of curves 
giving the envelopes of the four different absorption bands studied. Most 
of the envelopes shows persistent irregularities, which indicate that the re- 
solving power of the spectrometer was almost great enough to reveal the 
fine structure. It seems probable not only that the fine structure lines gb- 
served are real but also that they are distributed in the irregular manner 
which is characteristic of the asymmetrical rotator. This point will be dis- 
cussed later. 

The 9.64 band was investigated with both the meter cell and the 25 cm 
cell. Curve I was taken with practically pure ozone gas at atmospheric pres- 
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Fig. 1. 


sure in the shorter cell, and curve II with a very low concentration in the 
meter cell. This band has apparently three branches. The one on the high- 
frequency side of the center (9.62u) is the strongest, and the one on the low- 
frequency is the weakest of the three. The low-frequency branch becomes 
weaker than the other two at low concentration. The high-frequency branch 
was not studied in detail at low concentrations but a few readings taken at 
9.474 at the same time curve II was taken showed an absorption of about 
48 percent, showing that this branch remained the strongest of the three. 
This behavior indicates that the high-frequency branch may be associated 
with one fundamental frequency, and the rest of the band with another. 
The 7.39 band lies in a region where the absorption due to water vapor 
is very noticeable. It also was observed with the same high concentration 
of ozone in the 25 cm cell that was used in obtaining curve I for the 9.6u band. 
The curve shown for this 7.394 band represents the average of two separate 
and consistent sets of data taken under the same conditions. The high back- 
ground on each side of the strong single branch might be fictitious on account 
of the uncertainty in calculating the percentage absorption in a region where 
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water vapor absorbs as strongly as it does here. However, it is stronger than 
the 4.74 band, which could not be detected under the same conditions. 

The bands at 9.6u and at 7.394 are the two strongest ones; the others 
were looked for but could not be detected with the same concentration of 
ozone in the 25 cm cell. 

The two curves shown for the 4.74 band were obtained with two slightly 
different ozone concentrations in the meter cell, and also with different slit 
widths, as indicated in Fig. 1. 

The small single peak of absorption at 11.384 was observable only with 
very high concentrations of ozone in the meter cell. The curve shown for 
it was obtained with a higher concentration of ozone in the meter cell than 
was used to obtain the 4.74 band, in fact it was not observable under the 
conditions which yielded the curves for the 4.74 band. 

In the first two columns of Table I is a summary of the wave-lengths and 
relative intensities of the absorption maxima of ozone obtained in this in- 











TABLE I. 
Ladenburg and Lehmann 
Wave-lengths Relative Wave-lengths Relative 
intensities intensities 

= — 1.1y 1 
— — 3.7 2 
4.74y 5 4.7 5 
— -- 6.6 2 
7.39 7 7.7 3 

9.47 10 
9.62 8 9.9 10 
11.38 2 11.3 3 








vestigation. In the last two columns are given the values reported by Laden- 
burg and Lehmann,’ it is seen that there is very satisfactory agreement be- 
tween these two sets of results, considering the fact that Ladenburg and 
Lehmann used a prism spectrometer. 

The weak band at 11.38 does not fit with the other observed bands into 
any scheme of frequencies. It may possibly be due to nitrogen pentoxide, which 
has a very strong band at 5.75, for the band at 5.754 may be the first over- 
tone of a fundamental at 11.38u. 

Several attempts were made to find the Raman spectrum of liquid ozone, 
using pure ozone as well as solutions of ozone in liquid oxygen. The details 
of these attempts have already been published.’ The extreme faintness of the 
doublet observed, corresponding to a mean frequency shift of 1280 cm™ 
(7.81), and the fact that this frequency does not fit in with the infrared fre- 
quencies makes it doubtful whether it is real. 


THEORETICAL 
$1 
The data obtained in this investigation of the infrared absorption bands 
of ozone are not as complete as might be desired. In the first place its insta- 


7G. B. B. M. Sutherland and S. L. Gerhard, Nature 130, 241 (1932). 
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bility caused several explosions and made the gathering of data expensive 
and difficult, and in the second place the rotational fine structure is so closely 
spaced that it was not possible to resolve it. It is therefore necessary in the 
interpretation of the data to approach the subject from a rather general point 
of view and this requires the discussion of all the possible models for its struc- 
ture. It will be shown that the data are consistent with only one model, and 
that furthermore this model has certain other properties similar to the known 
properties of ozone. 

The frequencies observed for ozone have been satisfactorily correlated in 
the following way. The single band at 1355 cm~ is taken as the first funda- 
mental frequency, 1, then the band at 2710 cm™, reported by Ladenburg 
and Lehmann, is its first harmonic, 2”,. The strong band at 1055 cm™ is 
assigned to the first overtone of a fundamental ve, at 528 cm~!, which could 
not be observed because of the high absorption of the rocksalt windows in 
this region. The minimum at 1033 cm™ is taken as the center of a doublet 
type band representing the third fundamental frequency, v3. The 2108 cm~ 
band may be called 273; it is apparently multiple and contains other com- 
binations as well. The weak band reported by Ladenburg and Lehmann at 
1515 cm! may very well be the combination ve+v3. Except for the 11.38u 
band, which is ascribed to nitrogen pentoxide, all the known bands of ozone 
are thus accounted for. There are three fundamental frequencies represented. 
The fundamental of two of them and the first harmonics of all three have 
been observed, as well as several combinations. 

These bands display different kinds of envelopes. The fundamental, »; 
at 1355 cm™, has certainly a zero branch type of envelope, with the zero 
branch very strong in comparison with the positive and negative branches. 
The 2v2 band, at 1055 cm™, has also a zero branch type of envelope, while 
that for v3, at 1033 cm™, is of the doublet type. The envelope for 2y;3, at 
2108 cm, is apparently of the zero branch type. Unfortunately the en- 
velopes of the remaining bands of ozone have not been observed, however, 
it will be possible to gather from the data in hand sufficient information to 
decide on the shape of the molecule. 

For a triatomic molecule, such as ozone, there are three plausible shapes, 
viz., linear, equilateral triangle and isosceles triangle. The three atoms of 
oxygen making up the ozone molecule need not all be alike; the force fields 
and electron configurations may not be the same for all the atoms. The pos- 
sibilities of these three types of structure will now be discussed in connec- 
tion with the data obtained and with the aid of the results of the wave me- 
chanical analysis of infrared spectra given in a recent paper by D. M. Den- 
nison. ® 


§2 
There are two possible linear models for ozone, a symmetrical one, with 
the three atoms symmetrically arranged along a line, as is the case in carbon 


8 D. M. Dennison, Rev. Mod. Phys. 3, 280 (1931). 
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dioxide, and an unsymmetrical one. The symmetrical type of linear mole- 
cule would display absorption bands resembling those of carbon dioxide. It 
would have similar vibrational properties and would obey the same selection 
rules, namely, that combinations or overtone frequencies which are the sum 
of any two observed frequencies cannot occur.* These conditions are not met 
by the frequencies observed for ozone, viz., the band at 2108 cm has twice 
the frequency of the 1033 cm~ band, and the one reported at 2710 cm= 
has twice the frequency of the 1355 cm! band. With 528 cm! as a funda- 
mental the band reported at 1515 cm™ is assigned to the combination 1033 
+528. The occurrence of these overtones and combinations is definitely in 
disagreement with the requirements for a linear symmetrical model and is 
sufficient to rule it out as a possible structure for ozone. 

The other possible linear model would resemble the molecule of nitrous 
oxide, NNO. The selection rules for this model allow three active funda- 
mental frequencies and all possible combinations and overtones. The vibra- 
tion-rotation bands consist of fine structure lines regularly spaced in fre- 
quency.® There are two types of bands, both having essentially similar posi- 
tive and negative branches, the one having a strong zero branch and the 
other none. When the ozone bands are examined it is found that none of them 
have regularly spaced fine structure lines. The positive and negative branches 
of the several bands do not stand out distinctly as they do in the case of 
nitrous oxide. There is no similarity between even the general outlines of 
the envelopes of any two bands. If ozone were this unsymmetrical linear 
type of molecule, then the positive and negative branches of the 1033 cm™ 
and 1355 cm~' (fundamental) bands should be similar and should have al- 
most equal doublet spacings, but this is obviously not the case. These funda- 
mental differences between the observed bands of ozone and those to be ex- 
pected from linear molecules make it evident that the ozone molecule can- 
not be a linear one. 


§3 

In the isosceles triangle model for ozone the oxygen atom at the apex is 
taken to be different from the two at the base. The general solution of the 
vibrational problem has already been given by several investigators.'?™ 
Three fundamental frequencies are to be expected for the general isosceles 
triangle. According to the conventions adopted in labelling these frequencies 
the electric moment vibrates along the Y axis (i.e., the bisector of the apex 
angle) for the frequencies v; and v2, where v; 2 v2, and along the X axis (which 
is perpendicular to the Y axis) for the frequency 73. 

In specializing to the equilateral triangle all three atoms become identical. 
In this case the frequency »; is certainly inactive, since it corresponds to a 
motion in which all the atoms vibrate along the bisectors of their respective 
(apex) angles with the same amplitude and in the same phase with respect 


® E. K. Plyler and E. F. Barker, Phys. Rev. 38, 1827 (1931). 
10 N. Bjerrum, Verh. d. Deut. Phys. Ges. 16, 640, 737 (1914). 
11D. M. Dennison, Phil. Mag. 1, 195 (1926). 
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to the center of gravity of the molecule. The two frequencies v2 and v3 be- 
come equal, thus forming degenerate states. Whether or not the frequency v2 
would also be inactive depends upon the interaction of the electron clouds 
surrounding the three nuclei when they execute this normal vibration. It is 
conceivable that at one extreme displacement in this vibration the electrons 
surrounding the two lower nulcei could so repel those surrounding the upper 
nucleus that the center of the negative charges would lie above the center 
of the positive charges, thus producing a change in the electric moment of 
the molecule. Even if it were active it is very likely that it would be compara- 
tively weak because of the relatively small amplitude of the oscillating elec- 
tric doublet. 

If ozone were this type of molecule it should be possible to correlate all 
the observed bands with only two fundamental frequencies, and one of these 
should be inactive. On the contrary the bands observed for ozone cannot be 
arranged in any scheme with only two fundamental frequencies unless very 
low frequencies are chosen and the observed bands ascribed to combinations 
and high multiples of them. This sort of procedure is evidently unreasonable 
in view of the simple relations existing between the frequencies observed for 
substances heretofore investigated. It takes three fundamental frequencies 
to account for all the ozone bands, and these three all appear to be active. 
This is very strong evidence against the equilateral triangle as the correct 
model for ozone. 

Another source of evidence which is equally important is the almost com- 
plete absence of the Raman spectrum of ozone. Up to the present it has been 
observed that molecules possessing a highly symmetrical configuration, which 
results in an inactive vibrational frequency, have fairly strong Raman spec- 
tra, as in the cases of carbon dioxide and carbon tetrachloride. On the other 
hand it has also been found true that molecules lacking an inactive frequency, 
such as water, have a weak Raman spectrum.” 


§4 


The solution of the vibration problem for the isosceles triangle model has 
already been described. There are three different and active fundamental 
frequencies. The question of the overtones of these frequencies has been dis- 
cussed by Dennison,* who showed that in general they would all be active. 
If the overtone is represented by v = 7,71 +m2v2+3v3 the change of the elec- 
tric moment is along the Y axis for even values of m3; and along the X axis 
for odd values. 

The shapes of the envelopes of the bands at these various vibrational fre- 
quencies will depend upon the direction of the change of the electric moment 
with respect to the principal axes of inertia. If in the case of ozone the apex 
angle is less than 60°, then the axis of least moment of inertia, A, will be along 
the Y axis, and the axis of middle moment of inertia, B, will be along the X 
axis. 


2 These results have recently been justified and explained on a theoretical basis by 
Placzek, Zeits. f. Physik 70, 84 (1931). 
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The axis of greatest moment of inertia, C, is perpendicular to the plane 
of the figure. No changes of electric moment can ever lie along this axis be- 
cause no vibrations can take place outside the plane of the triangle. Thus in 
the general overtone 1,;+ 22+ n3v3 the change of electric moment will lie 
along the A axis for even values of m3 and along the B axis for odd values. 

On the other hand, if the apex angle in the case of ozone were greater than 
60° the inertial axes A and B would be interchanged, and then in the general 
overtone the change of electric moment would be along the B axis for even 
values of m; and along the A axis for odd values. 

According to Dennison® the envelopes of the bands produced by vibra- 
tions of the electric moment along the least axis of inertia should show a de- 
cided zero branch, while those produced by vibrations along the middle axis 
of inertia should show a doublet structure. 

Whatever the disposition of the axes of inertia may be in the molecule 
the two frequencies »; and v2 will have the same kind of envelopes, and 7; will 
have a different kind. If only one fundamental frequency displays the doublet 
type of envelope, then the apex angle is less than 60°, whereas if only one of 
the fundamental frequencies displays a zero branch, then the apex angle is 
greater than 60°. 

When the envelopes of the ozone bands are examined it becomes evident 
that they can be very nicely arranged to fit the requirements for an isosceles 
triangle with the apex angle less than 60°. In Table II is given a comparison 











TABLE IT, 

W h Frequencies Type of envelope 
ave-lengths vi observed Calculated Observed Predicted 

(18.9u)* V2 - = 528 cm™ a Z 

9.67 V3 1033 cm —- D D 

9.47 2v2 1055 — Z Z 

7.39 Y} 1355 — Z Z 

6 . 6t Ve Sa V3 1561 — D 

See } 1515 1584 -Z 

; 2v 2066 P 4 

4.7 2votvs 2108 2088 Z D 

4y, | 2110 Zz 

3.7t 2p, 2710 2710 _ Zz 














* This band was not looked for, because it is in a region where the absorption due to the 
rocksalt windows on the cell made observations impossible. 

t Reported by Ladenburg and Lehmann. The wave-lengths are not known as accurately 
as those of the other bands and nothing is known about the envelopes. 


of the observed envelopes and those predicated for ozone on the basis of the 
isosceles triangle model. In the last two columns D stands for doublet type 
and Z for zero branch type of envelope. 

The fundamental »; displays a zero branch type of envelope, with very 
weak positive and negative branches; the same holds true for 2v2. The en- 
velope for v3 is of the doublet type, while that for 2v3 is of the zero branch 
type, as it should be for even values of m; if the apex angle is less than 60°. 
The observed envelope for the combination 22+ 3 is somewhat obscured by 
the envelopes of the overtone bands in its immediate vicinity, but the shape 





a 
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of the whole envelope does not rule out the possibility of a doublet type en- 
velope for this particular combination frequency. 

The types of the envelopes of the bands observed show that ozone has the 
shape of an isosceles triangle with the apex angle less than 60°. This is proven 
by the occurrence of the zero branch type of envelope for »; and 2r2. If the 
molecule were to be represented by an isosceles triangle with an apex angle 
greater than 60°, then »; and 2v2 would have the doublet type of envelope and 
v3 would have the zero branch type of envelope. The preponderance of zero 
branch type over doublet type envelopes in the bands observed for ozone in- 
dicates that it has the shape of an isosceles triangle with the apex angle less 
than 60°. Except for the unknown envelopes of other combinations and over- 
tones the observed data for ozone agree very well with the predictions for 
this model. The ordering of the ozone data under this scheme may not be 
unique, but it is a self-consistent one. Other ways of allotting the observed 
frequencies are possible, but they must all fulfill the requirements of the 
types of envelopes for the various frequencies. !* 


CONCLUSIONS 


The experimental data for ozone have been critically compared with the 
theoretical predictions for various possible models and also with the data 
for certain molecules of known structure. 

The combination and overtone frequencies observed in the ozone spec- 
trum do not obey the selection rules for a linear symmetrical molecule. The 
envelopes of the bands and the lack of regularly spaced rotational fine struc- 
ture lines are not in agreement with those to be expected of a linear unsym- 
metrical molecule. The equilateral triangle is very definitely ruled out be- 
cause the frequencies observed for ozone do not obey the requirements that 
for an equilateral triangle there should be only one active fundamental fre- 
quency, and only two fundamental frequencies in all. In addition to this, ozone 
displays a very weak Raman spectrum, while a highly symmetrical molecule 
in the form of an equilateral triangle should certainly have a strong Raman 
spectrum. 

The data for ozone do meet the requirements for the isosceles triangle 
model. There is the correct number of active fundamental frequencies, viz., 
vy, at 1355 cm™!, v2 at 528 cm™'!, and v3 at 1033 cm~!. Overtones and combina- 
tions of these fundamental frequencies are also observed. Each fundamental 
shows its first overtone, and vz apparently displays its second and third over- 
tones. The assignments given the fundamental frequencies thus form a self- 
consistent scheme, and the calculated frequencies are in fairly good agree- 
ment with the observed frequencies. The types of envelopes, zero branch or 
doublet type, predicted for the fundamental frequencies and the various 
combinations and overtones appear in the observed bands for the proper fre- 


13 The case of the oblique triangle has not been discussed since it appears to be so improb- 
able on general grounds. Such a model would, however, have much the same vibrational and 
rotational properties as an isosceles triangle, except that the direction of change of electric 
moment would no longer be so simply related to the orientation of the principal axes of inertia. 
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quencies. On the whole, the observed data for ozone fulfill the requirements 
for an isosceles triangle with the apex angle less than 60°. 

The writer gratefully acknowledges Professor D. M. Dennison’s many 
helpful suggestions in the interpretation of the experimental data, and the 
generous cooperation of the various members of the Physics Department who 
made possible the completion of this work. 








DECEMBER 1, 1932 PHYSICAL REVIEW VOLUME 42 


The Dispersion and Absorption of Helium 


By J. P. Vinti 
Massachusetts Institute of Technology 


(Received September 29, 1932) 


An investigation is made of the relative importance of singly-excited, doubly- 
excited, and continuous states in the dispersion and absorption spectrum of helium. 
The f-values of the lines due to singly-excited and doubly-excited states are calcu- 
lated by using wave functions of a screening-constant type, the most important of 
them having been obtained by variational methods. The f-sum of the continuous 
spectrum is then obtained by difference, from the Kuhn-Reiche sum rule. It is shown 
that the role of the singly-excited states is moderate, of the doubly-excited states 
small, and of the continuous spectrum very large. A table is given of relative in- 
tensities in the principal series absorption spectrum. Incidentally, a variational cal- 
culation of a wave function for the doubly-excited state (2s)(2p)'P places this level 
302,000 cm above the limit of single ionization. The corresponding absorption line 
comes out about one-thirtieth as strong as the first absorption line of the principal 
series or about as strong as the fifth line of this series. 


T IS our purpose to investigate the relative importance of the discrete and 
continuous energy states of atomic helium in dispersion and absorption. 
The refractive index of a gas is given by u2=1+47La, where yp is the re- 

fractive index, ZL the number of atoms per unit volume, and a the polariza- 
bility of the atom. The polarizability of an N-electron atom is given by an 
expression of the form: 


2 é vio(| xox | 2+ | you] *+| ox] 2) 


a= ¥ 


3 hh xo VO 





2 2 


—_— 7 
Here e and / have their usual meanings, vio is the frequency difference be- 
tween the excited state k and the normal state 0, v is the frequency of the 
incident radiation, and ezox, e.g., is the matrix element between the states 0 
and k of the z-component of electric moment, so that: 


N 
Zo = fu Ds )vadrs +++ dty, 


p=1 


where yp and y; are the wave functions of the state 0 and k. The summation is 
to be extended over all the excited states of the atom, continuous included, 
which have dipole combinations with the normal state. 

We can most easily investigate the role of the various parts of the energy 
spectrum by writing the above formula for @ in atomic units, expressing 
lengths in terms of ad) (Bohr radius) as unit, and energies in terms of e?/(2a»): 


4a? (3)(Wi — We)(| xox | 24 | Yor | 24 | Zor | 2) 
a= ; 
i - (Wi — Wo)? — We? 





Here W, is the energy in atomic units of a quantum of the incident radiation. 
If the applied frequency » is not too large (not greater than that correspond- 
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ing to 600A), we have W,S1.5. For any state beyond the limit of single 
ionization (i.e., any doubly-excited or continuous state), W,=—4. Then, 
since Wp = — 5.81, we have W, — W) 21.81,and (W;,— Wo)?— W,? 21. Thus the 
numerator for such a state gives an upper limit to its contribution to the dis- 
persion formula; this numerator is called an f-value. The sum of the f-values 
of all the doubly-excited and continuous states thus gives an upper limit to 
their dispersion contribution. 

The only singly-excited states which have dipole combinations with the 
normal state are the “principal series” (1s) (wp)'4P. One can show that their 
f-sum gives a lower limit to their dispersion contribution, since for most of 
them (the lower and thus more important ones) the denominator is less than 
unity. 

These f-values satisfy a simple sum rule by means of which we can esti- 
mate the role of the continuous spectrum without handling any continuous 
spectrum wave functions. Using atomic units, let 


N 
z= > 2, Zon = [Peotars - ++ dry, etc., 
p=1 
and 
feo = (3)(We — Wo)(| xox| 2+ | you | 2+ | 20x | 2). 
Then 


Lifro = N. 


For atomic helium, N =2, so that 


Lifro = 2. (1) 


(The summation sign is used for all the states, but is understood to include 
an integral over the continuous spectrum.) We obtain the form pertinent to 
our problem by splitting the sum into the parts: f’, referring to the states 
(1s) (np)'P; f’’, referring to doubly excited states arising from the configura- 
tions sp, pd, df, etc.;! and f., referring to the mixed and purely continuous 
states lumped together. 

Then 


I +f"! + fe = 2. (2) 


We proceed to calculate f’. Now 
Z2n0 = [Fa cos 6, 4. T2 COS 62)Wodr dre, 


where yy refers to the normal state, y, to the state (1s) (wp)'P, and the in- 


1 By the Laporte rule no other configurations have dipole combinations with the normal 
state. 
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tegration is extended over the coordinates of both electrons. For Wo we use 
a function due to Eckart :? 


Yo = [u(y1)u(62) + u(y2)u(61)]/[2(1 + c*)]*? (3) 


where the u’s are hydrogenic functions for 1s, with parameters y = 2.14 and 
6=1.19 in place of Z=2. 

This function has the property of giving slightly too large a value for the 
diamagnetic susceptibility |x|; the calculation of |x|, involving as it does 
(2.7;*)oo, weights comparatively heavily the values of the wave function for 
large values of r. This means that yp is likely to be too large rather than too 
small at large distances; any error in | Sno] 2 due to Y is thus likely to be posi- 
tive (since 2,9 contains 7, 72 in the integrand). The error in Y is thus such as 
to make the calculated f’ slightly too large, so that if in spite of this, we find 
a large value for f, from the sum rule, we know that such a result is not due 
to error in Wo. 

Letting Ye refer to (1s) (2p)'P, we use the function of Eckart:’ 


Wo = [u(al)v(B2) + u(a2)v(B1) |/2/2, (4) 


where u and v are hydrogenic functions of 1s and 2p, and a=2.003,°8 =0.965, 
are parameters replacing Z=2. For y, we take the hint from y2 and use a 
function with zero screening for 1s, and unit screening for mp, since the p elec- 
tron is now at least two shells farther out than the s-electron: 


vn = [u(Z1)0n(82) + u(Z2)0,(81) ]/21/2, (5) 


where u and v, refer to the hydrogenic functions for 1s and np, Z now re- 
placing a, which in y2 differed negligibly from Z, and B=Z—1=1. Because 
of this slight difference we treat ze and 2,9 separately. By integration, 


[A(6)B(y) + A(y)B(8) ]?/(1 +), 


| 220| * 
where 
64(y5)*(y + 6)-* = 0.775 
A(e) = 4(28%e*)'/2(e + B/2)-* 
B(e) = 8(ae)*/?(a + €)-*. 


c2 


Inserting the values of a, 8, y, and 6, | Z20] *=(0.224. Similarly, for n>2: 
2 = [E(3)F(y) + E(y)F(6)]?/1.775 (6) 








Zn0 


where 
E(e) = f u(Z1)u(el)dr; = 8(Ze)3/2(Z + €)-3 


F() = f r: cos @u(e1)5(61)dr, 


? C. Eckart, Phys. Rev. 36, 883, Eq. (17) (1930). 
3 C. Eckart, Phys. Rev. 36, 883, Eq. (18) (1930). 
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= 168~*(¢%B*/3)"/2(2e/B—1)n*[(nm + 1)m(m — 1)]¥2 











7 
(en/B — 1)"-3(en/B + 1)-*®, ”) 
By using E(y) =0.998, E(é) =0.905, we get the Table I: 
TABLE I. (Energies and lengths are in atomic units.) 
n | Zn0 |2 (W,- W,) obs. fro=(Wa- W,)| Zno |2 
2 0.224 1.5593 0.349 
3 0.0547 1.6966 0.0928 
4 0.0204 1.7448 0.0357 
5 0.0100 1.7671 0.0177 
6 0.00588 1.7792 0.0105 
7 0.00351 1.7866 0.0063 








We find >) _.fn0=0.512, and we get an upper limit to fso+fo,o+/fi0.0 by 
taking 3f; .0=3X0.0063 =0.0189. Thus }>}°fn0=0.53, and by using asymp- 
totic values of W,— Wp, and F(e, m) for large n, we find that the sum from 
11 to © is of the order 0.0095. Thus essentially, 


f = Yfeo = 0.54. (8) 
n=2 
Since hvo,nBon (where Bo, is the usual probability of induced transition) is 
proportional to fo,, the relative intensities of the lines of the absorption spec- 
trum are given by the last column of Table I. Taking the intensity of the 
first absorption line (1s)? '\S—>(1s) (2)'P arbitrarily as 100, the relative in- 
tensities of absorption are given by Table II. 


TABLE II. Relative intensities of absorption per unit intensity of incident radiation. 








2'P 3'P 4'P 5'P 6'P 7P 
100 26.6 10.2 5.07 3.01 1.80 








Table II can be continued by means of formulas (6) and (7). For n>10, 
the asymptotic calculations previously referred to show that | zo,|* and thus 
fon and the entries in Table II fall off inversely as n’. 

We now consider the doubly-excited states. From the Laporte rule,‘ or 
directly from the angular parts of the wave functions, we see that such states 
as (2s)? 4S, etc., do not combine with the normal state, and that the only 
doubly-excited states which do so are the singlet states arising from the con- 
figurations (ms) (np), (mp) (nd), (md) (nf), etc. In order to obtain an idea 
of the order of magnitude of the transition probabilities involved, we next 
investigate in detail that state from this group which is expected to be the 
most important, namely (2s) (2p)'P. 

If uw, and v are hydrogenic functions of 2s and 2, respectively, the “un- 
perturbed” wave function of (2s) (2p)'P is: 


[u2(Z1)v(Z2) + w2(Z2)v(Z1) ]/21/?. 
‘L. Pauling and S. Goudsmit, Structure of Line Spectra, McGraw-Hill, 1930, p. 94. 
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Suppose we should introduce a parameter 6 in place of Z in the function », 
leaving “#2 unchanged. Then 


@ = [u2(Z1)v(82) + u2(Z2)v(B1) ]/2*/?. (9) 


Now Eckart’s function for (1s) (2f)'P, which is presumably good because of 
the close check which it gives for the energy, has the form (4), where a is 
very closely equal to Z, and 6=0.965. For (1s) (mp)'P, where n>2, we have 
used (5). We see then that the above trial function ¢ for (2s) (2p)'P is orthog- 
onal to the wave functions of all the states (1s) (mp)!P; this statement fol- 
lows from the presence of the function u2 (Z) without parameters. Because 
of the angle functions it is orthogonal to the wave functions of all singly- 
excited singlet states not included in (1s) (7p)'P, and to the wave function 
of (2s)? 4S. Finally, because of its symmetry in electrons 1 and 2, it is orthog- 
onal to the functions of all the triplet states. It is thus a function with the 
proper symmetry to represent (2s) (2p)'P, possessing the property of or- 
thogonality to the wave functions of all lower states. The minimum of the 
integral E= {¢H¢dr with respect to the parameter 8 is thus expected to fur- 
nish a value of the energy better than the usual first approximation, and 
higher than the true energy.® 

This trial function leads to the variational integral: —E=Z?/4+ 
[2(Z—c) —B]8/4, where o=1+J, and I=(4/8) f(u?(Z1)|v(82)| 2/ri2)dridrs 











or J] = 


E 1 5x 15x? a 105x° ] 
(1+ x)5 i+x (1+)? (1+) 











s* 3(1— x) 3(x%? — 4x + 2) 
1 
tant * 1+2 (1 + x)? 
5(3x7 —6x+ 2) 15x(3x — 4) 105 x? | 
(1 + x)° (1 + x)* (1+ x)° 


J= (4/8) [ w(Zt)u(Z2)0(@1)b(62)//ridradrs 





4x3 [ 98x 185x? 


|_| 14 — =Z . 
3(1 + x)" tae? /8 


The minimum of £ occurs at 8=1.58 and has the value —1.25 atomic 
units, thus placing the level 3.02 10° cm~! above the limit of single ioniza- 
tion. This value can be checked against the value of 2'P extrapolated from 
BII. The nucleus of boron plus its K shell we take as equivalent to a nucleus 
of charge Z*, and treat BII as a helium-like atom of nuclear charge Z*. Ex- 
pressing the term value in atomic units as (Z*—s)?/2?, the assumption of 
perfect shielding by the K shell leads to Z* =3 and s=0.90; the assumption 
of 85 percent shielding by each K electron (from Slater's rules) leads to 
Z* = 3.30 and s =1.20. These values of s applied to (2s) (2p)'P of helium lead 


5 C. Eckart, Phys. Rev. 36, 880, 881 (1930). 
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to —1.30 and —1.16, respectively, for the total energy, so that our value 
— 1.25 lies in the correct range. 

A direct application of Slater’s® shielding rules to (2s) (2p) of helium gives 
the value —1.36. Majorana’ also has computed this energy, using a varia- 
tional method due to Fock,* and obtains the value —1.31; this value, how- 
ever, is apt to be lower than the correct value, because the variational method 
of Fock does not make the trial function orthogonal to the wave functions of 
the lower states. 

With our wave function for 7=(2s) (2p)'P and Eq. (1) for the normal 
state 0, we find: 


| zo;| 2 = [M()N(y) + M(y)N(6)]2/1.775, 


where 


M (©) = 4(26%*)"/9(e + 8/2) 
N(€) = 2(2Z%*)"/2(e — Z)(e + Z/2)-+. 


By inserting y = 2.14, 5=1.19, 8 =1.58, Z =2, we find that | 20; |? = 0.00251. 
Since W;— Wo =4.56, we obtain fo; = 4.56 X 0.00251 =0.0114. By comparing 
with Table I, we see that the absorption line due to (2s) (2)'P comes out about 
one-thirtieth as strong as the first absorption line of the principal series, or 
about as strong as the fifth line of the principal series. 

We have now the problem of finding a wave function valid in the general 
case (ms) (np)'P, where m2=2, n=2, computing the matrix elements, and 
summing fo; over the whole square array of such states. We picture the array 
as follows: 


( 25)(2p) (25)(3p) - » - ( 28)(LOp) - +» ( 25)(mp) + + 
( 35)(2p) (3s)(3p) - - - ( 35)(109) - »- ( 35)(mp) + -- 


Laueteeweteeuevwvnany? © 2. —— a es ft aA Se ee ee er es ek ee ee a 


Reece keeaeetana et fae SS ae es So ee a we ee ee ee ee oe ee 


“ee eee ee ee en oe ee ee ee ae we a ae ne a oe ee ee ee a he ae 


etree Ge ous evencnaceec se 6 ££ O22 OCC EEC Oe OEE EC EEE Oo * 


We must consider separately the upper right half, the lower left half, and 
the main diagonal of this array. To treat the upper right half, we can write 
the unperturbed wave function for (ms) (np)'P: 


[1¢me(Z1) 0m p(82) + Uma(Z2)0np(B1) |/2*/ (10) 


replacing in v,,, however, Z by the parameter 8 = Z—1=1. That is, we con- 
sider the ms electron to be a perfect shield when n >m; this procedure is sug- 
gested by the similar one for (1s) (mp)'P. 


6 J. C. Slater, Phys. Rev. 36, 57 (1930). 
7 E. Majorana, Nuovo Cimento VIII, (2) 78 (1931). 
8 V. Fock, Zeits, f. Physik 63, 855 (1930). 
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To treat the main diagonal (ms) (mp)'P, we use the same form of wave 
function, taking for 8 the value 1.58 found by actual calculation in the case 
(2s) (2p)'P (justification later). 

The lower left half is not amenable to treatment in this way, since we 
cannot expect a p electron to be as complete a shield as an s electron, because 
of the non-spherical symmetry. Since, however, we have no reason to believe 
that its f-sum would be greater than that of the upper right half, we take its 
f-sum equal to that of the upper right half. This procedure gives us an upper 
limit, which is all that we need. 

The total f-sum of all the doubly-excited sp states can then be expressed 
as 2R+D, where R is the f-sum of the upper right half and D that of the main 
diagonal. 

To obtain R, we first calculate | z0;|? between the normal state 0 and the 
excited state 7, using Eq. (1) for Yo and Eq. (9) for W;. We find: 


| zo; | 2 = [F()G(y) + F(y)G(6)]?/1.775, (11) 
where F(e€) is given by Eq. (7) with 8=1, and 


G(€) = 8(m/Z)*(Ze)3!*m-"!? | (em/Z — 1)/(em/Z + 1)]"-*(e/Z — 1)(1 + em/Z)-*. 
(12) 


By using the asymptotic values of F(€) and G(e) for large m and n, and 
replacing the double summation by a double integral which can be shown to 
be larger, one can show that }°*) n>m>10f0; is of the order 10-7, so that the 
infinite “tail” of R is negligible. 

R thus consists essentially of the sum of the f-values of the finite half- 
array: 


(2s)(3p) (2s)(4p)------ (2s)(10) 
(3s)(4p) ------ (3s)(109) 

(4s)(5p) - * (4s)(109) 

++ (9s)(10p) 


Using formulas (11) and (12), we obtain for the sum of | zo, | 2 for the first 
row the value 0.000568/1.775, and since W;— W, is of the order 5.807 — 
1—1/n?, we have W;— W,< 4.807; thus the f-sum of the first row is less than 
4.807 X 0.000568/1.775 or 0.00154. There are eight rows in all, each row con- 
taining one less member than the preceding, and each member lies higher in 
the diagram of energy levels than the one immediately above, so that its 
f-value must be less. We thus arrive at an upper limit for R by multiplying 
0.00154 by the factor 8, so that R< 0.0123, and 2R< 0.0246. That is, 0.0246 is 
an upper limit to the f-sum of all the doubly-excited sp states in which the two 
electrons have different principal quantum numbers. 

We now turn to D, the diagonal f-sum. We must obtain a wave function 
for (ns) (np)'P. We have already found a function for (2s) (2p)'P of the form 
(9), where 8=1.58. As the best improvement that we can make over the 
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unperturbed zeroth approximation (without encountering prohibitive labor), 
we can write down such a function for (ms) (mp)'P, where u and v now refer 
to the states ms and np; we take 8 = 1.58. The argument for such a procedure 
is this: Such a function with 6 =2 is the zeroth approximation, in which the 
interaction of the electrons is entirely neglected; we know, however, that the 
deviation from “hydrogenness” can be expressed in most cases sufficiently 
well by considering that the interaction of the electrons results in a screening 
effect. If the screening were perfect, we should have 8 = 1; no screening means 
8=2. 6B thus lies between 1 and 2, and since it equals 1.58 for m=2, 1.58 is 
our only possible estimate for the general case (ms) (mp)'P. 

With this function, the squared matrix element | Zn0| ? is given by Eq. (11), 
where now G(e) is given by Eq. (12) with m replaced by n, and F(e) is given 
by Eq. (7) with 8 =1.58. 

By using the asymptotic values of F(¢) and G(e) for large m, we can then 
show that the diagonal f-sum from n=11 to n= © is less than an integral of 
the order 2X10~-’, so that it is negligible. 

To obtain the diagonal f-sum from = 3 to n = 10, we use the formula just 
found for |zno|? and estimate W, by means of Slater’s shielding rules, ob- 
taining W,~ —2(Z—0.35)?/n? = —5.44/n*. Thus W,— Wo~5.807 —5.44/n?. 
The f-value of (3s) (3p)'P turns out to be 7.55 X10~, and we can obtain an 
upper limit to the f-sum from n=3 to n=10 by applying to this the factor 8; 
this limit is 0.006. On adding 0.0114, the f-value of (2s) (2p)'P, the diagonal 
f-sum D becomes 0.017. Since 


2R < 0.0025, and D S 0.017, we have f’” = 2R+ D S 0.042. (13) 
Using Eqs. (2), (8) and (13), we have: 
fe = 2 — 0.54 — 0.04 = 1.42. (14) 





We wish now to investigate the question as to whether allowance for all 
the other doubly-excited states which combine with the normal state would 
affect appreciably the value of f’’. We have to consider the states (ml,) 
(nlz)'P, where 1,+1: is odd (by the Laporte rule). In our screening constant 
functions, the function of (ml,) (mlz) differs from that of (ms) (np)'P only in 
the angle functions. Since the latter contribute a factor to | 2,0)? which is 
less than unity, we can obtain an upper limit for each (m/,) (nl.) by taking it 
to be equal to that of (ms) (np). W,— Wo for a state (ml,) (nl) is of the same 
order as for the state (ms) (mp), since the principal quantum numbers play the 
principal role in the determination of the energy. We can thus obtain an up- 
per limit to the f-contribution of a given part of the array which gives f’’, 
when all these other states are included, by applying to the f-value of each 
(ms) (np) a factor gm, denoting the number of configurations which have 
values of m and n in common. Neglect of the Laporte rule leads to g,,, mn; 
recognition of the rule leads to a smaller value. If, accordingly, a portion of 
f which was negligible before is found still to be so when the factor mn is 
applied to each part, we know that it will still be negligible when the Laporte 
rule is used. In this way it is found that the infinite tails that we met before 
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are still negligible. On applying the factor mn to the other parts, we find that 
f’’ =0.043. Thus Eqs. (13) and (14) remain essentially unchanged by this 
correction. 

It is interesting to compare these figures with some obtained by Mar- 
genau.® He finds by a semi-empirical method f’=0.18, and f’’+/f,=1.82. 
From the large value of the latter he concludes that the neglect of “double 
jumps” is responsible for the inaccurate value found in the simple theory of 
London for van der Waals forces in helium. The present work makes it ap- 
pear very probable that the inclusion of states beyond the ordinary series 
limit is essential, but it indicates that of these states, the continuous ones are 
by far the most important; namely, that part of the continuous spectrum 
which lies at the limit of the principal series. Stated in another way, the 
principal series lines in the absorption spectrum of helium are of moderate 
intensity, the lines due to jumps from the normal state to doubly-excited 
states are very weak, and the continuous absorption spectrum is very strong. 
These results are certainly in qualitative agreement with experiment, as evi- 
denced by the measurements of Herzfeld and Wolf on the dispersion of 
helium.'® Quantitative comparison can be made only after the absorption 
spectrum, which lies in the far ultraviolet (around 700A) has been photo- 
graphed and measured. 

The author wishes to acknowledge his indebtedness to Professors J. C. 
Slater and P. M. Morse for interesting discussions and suggestions during 
the course of this work. 


*H. Margenau, Phys. Rev. 37, 1425 (1931). 
10 K, F, Herzfeld and K, L, Wolf, Ann. d. Physik 76, 71 (1925); 76, 567 (1925). 
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We have developed expressions describing radiation emitted by an electron in 
the field of a neutral atom, using as a model for the latter a point charge Ze sur- 
rounded by a spherical shell of radius a carrying a charge —Ze. In the introduction 
we formulate the physical foundations of the problem. In section I we set up expres- 
sions for the matrix components of acceleration and give methods for evaluating the 
integrals involved. In section II we use results of section I to compute the intensity 
of radiation J, and the polarization P. For low velocity electrons (Va?<1, where V is 
the energy in volt-electrons and a is in angstrom units) we give simple formulas for 
both J, and P. For heavier elements J, is independent of Z and is nearly proportional 
to Va’, while for lighter elements J, as a function of Za exhibits a series of striking 
maxima and minima. For higher velocities we give our results for the most part 
graphically. We find that the criterion of applicability of bare nucleus model to 
neutral atoms is (Z*/2v)*K1. Except for high voltages however Z should be less than 
the nuclear charge of the actual atom. We also show that the radiation from protons 
in the field of our model is simply related to the radiation from electrons in the field 
of an unscreened nucleus. In section III we discuss how Z and a should be chosen in 
order that our model, or a nuclear model, may represent an actual atom, and make 
comparison with experiment finding agreement in the order of magnitude. The last 
part of the paper is a summary containing all the formulas of importance. 


INTRODUCTION 


HE first quantum-theoretical treatment of the problem of continuous 

radiation emitted by an accelerated electron was done by Kramers.! On 
the basis of the correspondence principle Kramers computed the intensity of 
radiation from an electron which passes through the coulomb field of a point 
charge Ze. He obtained the following well-known formula 


Fes _= J erg’ (Yo) 
with 
Jp = 320°Z2e8/35!2c3m2y? and yo = 2avZe?/mv® (1) 


where v is the initial velocity of the electron. The value of the factor g’(7o) 
does not differ greatly from unity except for small values of yo where it be- 
comes logarithmically infinite. Kramer extended this result to the case of a 
thick target by using the Thomson-Whiddington law for the loss of velocity 
of a charged particle in its passage through matter. The resulting expression 
for J has been found in very good agreement with experimental values for 
Bremsstrahlung generated by electrons with energies corresponding to sev- 
eral kilovolts. 


1 Kramers, Phil. Mag. 46, 836 (1923). 
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The more recent quantum-mechanical investigations of the same problem 
by Oppenheimer,’ Gaunt,’ Sugiura,* and finally by Sommerfeld,’ confirmed 
substantially Kramers’ formula. The agreement between the results obtained 
by the two methods has been shown by Gaunt to be especially good for the 
cases in which the energy of the electrons is not too great. However, even for 
fast electrons, Oppenheimer and Sommerfeld obtained formulas which con- 
firm Kramers’ results in the region of relatively soft radiation. 

Agreement between the results predicted by Eq. (1) and the experimental 
values in the x-ray region is indicative of the fact that for the range of volt- 
ages there used the neutral atoms of the target are sufficiently well repre- 
sented by the nuclear model. This representation fails, however, in the fol- 
lowing two cases: (1) low voltages; (2) long wave-length end of the spectrum. 
In the first place, we notice that the total amount of radiation 


r= f{ J dv 
0 


is independent of the voltage and therefore remains finite and large as the 
voltage goes to zero. In the second place, the intensity of radiation is infinite 
for vanishing frequencies; i.e., J, as v0. 

Both the finiteness of the total amount of radiation for zero voltages and 
the infinite value of the intensity for zero frequency are explainable by the 
fact that the field of an unscreened nucleus falls off very slowly. We therefore 
thought it desirable to investigate the effect on the intensity and on the 
amount of radiation of the screening by the electrons of the atom. We shall 
give later a criterion for the approximate validity of calculations based on 
the nuclear model; but we know on physical grounds that screening becomes 
important chiefly for slow electrons. The case of fast electrons and low fre- 
quencies is of no physical interest since the soft radiation emitted is of finite 
total intensity, hard to observe and of small practical importance. 

Of several simple approximate models of the atom we have chosen that of 
a positive point charge surrounded by a negatively charged spherical shell, 
the whole system being neutral. We have also made a few computations with 
a model having two charged concentric shells and obtained results of the 
same order of magnitude as those for the single shell model. We believe that 
this qualitative agreement indicates that our model with its sharply defined 
boundaries is not unsuitable for representing an actual atom. 


I 


We first consider a system of an electron and an atom—in our case an 
electron moving in the screened field of force of a nucleus—and find the sta- 
tionary states of this system with the neclect of radiative forces. Transitions 
between these states will occur in which the energy of the system diminishes 


2 Oppenheimer, Zeits. f. Physik 41, 268 (1927); 55, 725 (1929). 
3 Gaunt, Proc. Roy. Soc. A126, 654 (1930). 

4 Sugiura, Phys. Rev. 34, 858 (1929). 

5 Sommerfeld, Ann. d. Physik 11, 257 (1931). 
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by an amount E—£’ and appears in the form of radiation of frequency 
v=(E-—E’)/h. The intensity per unit frequency range of this radiation is 
given by the well-known formula 


J, = (4¢2/3c*) | age | ? 


where azz’ is the matrix component of acceleration of the radiating electron 
corresponding to the transition E—£E’. This classical formula may of course 
be justified quantum-mechanically on Dirac’s radiation theory. In order to 
find ag ,z, we must know the wave functions corresponding to the initial and 
to the final states of the system. We shall suppose the former to consist of a 
uniform stream of electrons incident on the atom together with electrons 
moving radially away from the atom with velocities equal to those of the in- 
cident beam. Since with our model of the atom but a few discrete states are 
allowable we shall carry out calculations for the continuous radiation only. 
Then to a transition involving emission of radiation of frequency v we have 
an infinite multitude of possible final states corresponding to various direc- 
tions of ejection of the electron. Various choices of orthogonal functions to 
represent the final states have been made by different authors. In our case 
we shall choose those final states which are characterized by the values of the 
energy, the angular momentum, and the component of the angular momen- 
tum in the direction of the incident beam, i.e., by the quantum numbers 2, /, 
and m. These final states present themselves when we separate the wave 
equation in polar coordinates. 

We have chosen polar coordinates because due to the spherical symmetry 
of our model it is only in these coordinates that the boundary conditions are 
simple. A further advantage of this choice can be seen as follows. In order 
to obtain the total transition probability of emission of radiation of a given 
frequency we must perform a summation over / and m. Now, classically, an 
electron possessing an angular momentum greater than the product of its 
linear momentum and the radius of the screening shell would not enter the 
field of our model and therefore would not radiate. By analogy, we should 
expect that in quantum mechanics most of the radiation from a slow electron 
would be produced in transitions between states characterized by small val- 
ues of /, and that the sum over / would therefore be strongly convergent. 


1-1. Wave functions 
The wave functions are the solutions of the Schrédinger equation 
Ay + (872°m/h®)(E — V)y = 0. (2) 


If we call the screening radius, i.e., the radius of the negatively charged shell, 
a, we must take for our potential function 


V = Ze*/a — Ze*/rforr S a, (3a) 
V=0 forr 2a. (3b) 


lA 


In polar coordinates the Eq. (2) is separable, and the normalized solution 
can be written in the form 
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Vv = £,"P,"(0, )u(E, 1, r) (4) 
where 
P,™(0, p) = (1 — m)! sin : _— a eim 
d cos 8 2'1! 
(&.")—? = ~ (1 — m)!(1 + m)! 
2i+1 


£,” is the normalizing factor for the angular function P,™. u(E£, 1, r) is the 
normalized radial function; for the two cases (3a) and (3b) it is known to be 


u(E, l, r) = ¥(n, 1, r) = 4(mb/h)"!?| 6,| x'e-=F (a, p, x) 
= 4(mb/h)*!*| 61| (Mn a(x)/2) 
u(E, 1, r) = (6,1, 7) = (| N| /(or)") {Suzsa(br) + B—1-1/2(br)} (r = a) (4b) 


with the following notation. 


(ra) (4a) 


J (br) is the Bessel function of the order p 


F(a, p, x) is the confluent hypergeometric function® 





=Il+1-n k = (2x/h)[2m(Ze2/a — E)]'/2 } (5) 
p= 4+2 b = (2x/h)mo 
x = 2kr n = 4x*mZe3/h®k } 


|N’ |, |5:| and 8; are constants which are to be determined by the requirement 
that the radial function u(£, /, r) be normalized with respect to the frequency 
E/h and be continuous and possess continuous derivatives at the boundary 
r=a, 

Following Oppenheimer we normalize u(£, 1, r) by the condition 


) E+AE 
f rar} we l, r) u(E, l, naz/a —1ias AE-0 
0 F 


andE< FE’ <E+ AE. 


The integral with respect to 7, if taken over a finite range, vanishes as AE—0. 
We shall therefore use the asymptotic expansion of ¢(), J, r) in place of 
u(E, 1, r). This condition determines the value of NV 


| |? = 40%mb/h(1 + 8,7). (6) 


We determine the remaining two constant 6, and 8; by imposing the 
boundary conditions 
$(b, 1, a) = ¥(n, 1, a) | (7) 
(d/dr)o(6, l, a) = (d/dr)p(n, 1, a) 
We thus obtain 


6 A very complete account of the properties of this function is given by Barnes, Cambr. 
Phil. Soc. Trans. 20, 253 (1907). He uses the notation ;F;(a, p, x). 
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VT i412(y)M'n az) — (9/2)Mnal2)(y" Jayssa(y))’ 
(y/2)Mn a2) (y"*J—1-1/2(y))’ — y9F—1-1/2(y) Mn a2) 
(— 1)1/[M'n a(2)Hi(y) — (9/2)Ma a) Hi'(y)] ) 





l = 


, (8) 


where’ 
Hily) = {ye Jy, 1)0(y) — J—r-s/a(y) } 
2\1/2 ; u (- i)'+*(1+ v)! 
GC) -$3-5 D 
T yao Vil — v)!(2y) 
y = ba and z = 2ka. 





1-2. Form of solution 


We shall now proceed to form the wave functions corresponding to the 
initial and to the final states of our system. The wave functions for the final 
states are given by the complete orthogonal normalized set (4). According to 
our plan we wish the wave function for the initial state to represent a uniform 
stream of electrons together with a stream moving radially away from the 
atom with velocity equal to that of the incident beam. Following Gordon® 
we take as the wave function for the initial state 


w\'* 2... J i+1/2(6r) J~1-1;2(br) 
Py) = (=) 2iN(2I + 1) Pi(cos af + Bi ——) 


(r => a). (10) 
a, is the normalizing factor to be used for determining the intensity of the 
electronic beam. It can be found in the following way. At large distances 
from the atom ®p» should be a plane wave; its amplitude is determined by the 


requirement that it represent a stream of one electron crossing unit area per 
unit time. The expression for such a plane wave is known to be 


(w/2v)*/2 $>i#(22 + 1) Pi(cos 8) [F14.1/2(br)/(br)*/?]. (11) 
l=v 
Asymptotically we have 


1/2 
Jiss/a(6r) = (=) Ff erie lagi + er i(l+1) /2g—ibr } 
(br)!/2 T br 





_— ™ 2\1/24 
axl (2) teem 
r T r 


Substituting these values in the expressions for #9(10) and for the plane wave 
(11) and equating the coefficients of e~**"/br (representing the ingoing wave) 
we arrive at the desired result of having a plane wave of the correct amplitude 
as a part of the wave function for the initial state. We thus obtain 


7 Hi(y) =i sin (1+4)x- y"*Hiae(y), where Hiss2(y) is Hankel’s function of the sec- 
ond kind. See Jahnke-Emde, Funktiontafeln, p. 95. 
8 Gordon, Zeits. f. Physik 48, 180 (1928). 
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a) = [1 + Byer i(t+1/2) |—1, (12) 


The remainder of ©), namely the terms containing e**"/br, when we have sub- 
tracted from it the similar terms of the plane wave (11) can be shown for any 
field of force which vanishes faster than 1/7? as ro, to give a spherical 
scattered wave. 

To obtain the wave function for the initial state for r<a we apply the 
boundary conditions (7) to (10). Our result is 


M,,.1(x) 


- 





Wo = (2/mv)!/? Yi + 1)Pi(cos 0)6, (r Sa). - (13) 


1-3. Matrix components of acceleration 
The matrix component of acceleration corresponding to the transition 
E-E 1l-l mn’ 


is defined by the integral 
(E, 1, m| | E', I’, m’) = f W*(E’, I’, m’, r, 0, o)av(E, 1, m, r, 8, &)dr (14) 


the integration being over all space. @ is the vector acceleration which in our 
case is given by 


Il 


a = — (ze?/r*)(1/m)j  (r < a) t (15) 


a=0 (r > a) 


where j is a unit vector with components (sin @ cos ¢, sin @ sin ¢, cos @). Con- 
sequently, the integration with respect to r is from 0 to a. We notice further 
that the initial state of our system (13) is characterized by a single parameter 
n, | being absent, and m being equal to zero. The final state (4), on the other 
hand, is specified by n’, 1’, m’. We shall accordingly denote the matrix com- 
ponent of acceleration corresponding to the transition from the initial to the 
final state by (n |a \n'l'm’). We find its value by substituting for ¥(Elmr@¢) 
and WV(E'l'm'r@@) in (14) the wave functions given by (13) and (4), respec- 
tively, and for a@ expression (15). 


4ze?/v'\1/3 = 
(n| a| n'l'm’) = — =(=) do i'(2l + 1)8:| by | (10| FU m’)Iiv(njn’) (16) 
l=0 


with the abbreviations 





° 2 
(10| j| U’m’) = f £).™'*P,™'*jP, sin adbdd (17) 
0 40 
° M*,: , x M,,, x 
Tv (n,n’) -{ (=) Ms) dx. (18) 
0 x? 


Finally, in order to obtain the total transition probability corresponding 
to the emission of radiation of a given frequency », i.e., corresponding to a 
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transition in which only the initial and the final energies are specified, we 
must square the matrix components (16) and sum over all the possible values 
of 1’ and m’. We thus obtain 


J, = (4¢2/3c3) | anne |? where | ann|?= D> Do| (m|a@| n'l'm’)|2. (19) 


1-4. Evaluation of (Jo |j |/’m’) and summation with respect to m’ 


We first observe that the integrals (17) vanish unless 
t='+1 m’ = +10r0. (20) 


Consequently the summation in (16) reduces to two terms /=/’ +1. 

The transition corresponding to m’ =0 gives rise to radiation with its elec- 
tric vector polarized in the direction of the incident beam of electrons; we 
shall call the intensity of this radiation J). The other two transitions, i.e., 
to m’= +1 give rise to radiation polarized in the plane at right angles to the 
direction of the incident beam; we shall denote the corresponding intensity by 
Ji. We thus have 


J\ = (4e?/3c*) ; | (n | ax | n’, I’, 0) | 3 
z 21 
J = (de'/32) LI (wel n'y", m’)| 2. (1) 


m’=+1 


We shall define the degree of polarization of the emitted radiation as ob- 
served in the direction at right angles to the incident beam by the usual 
formula 


P = (Jy — 4J1)/(Ii + WL). (22) 


When the selection rules (20) are satisfied the integration in (17) can be 
carried out giving the following easily verifiable results 
| (2 — 1, 0| j| 2, 0) | 2 = 4nl2/(27 + 1)(27 — 1)? 
|(@ — 1, 0| g| 2, + 1)| 2 = 2nd + 1)/(21 + 1)(21 — 1)? 
| (i+ 1,0] 7] 2, 0)| 2 = 4a(2 + 1)2/(27 + 1)(21 + 3)? te) 
| @ +1, 0] i| 1, + 1) = 2nl@ + 1)/(2 + 1)(21 + 3)? 
(iJ — 1,0] j| 1,0) +1, O| Z| 2, 0)* = 410 + 1)/(27 — 1)(27 + 3)(21 + 1) 
(J—1,0| 7] 2,41) +1,0| 7 | 2, + 1)* = — nl + 1)/(21 — 1)(27+1)(21 +3). 


It follows immediately that 


> | @—1,0| 7] 2, m’)| 2 = 4nl/(21 — 1)? 


m’=0,+1 


De] @ + 1,0] F| 2, m’) |? = 4a + 1)/(21 + 3)? (23b) 


m’=0,+1 


> @ —1,0| ¥| 2, md + 1, 0| J] 1, m’)* = 0. 


m’=0,+1 
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Substituting (23b) into (16) and (19) we obtain an expression for J, in 
which only 6; and J;,,-(m, m’) remain to be evaluated. 


16e*h?n'? vy’ = 
Jy = ——— =D | 4 ea] #] Taal, 0’) |? 
3c8x?m? oy ico 
+ (+1) | S41] 2] Zoya(n, n’)| 2}. 
1-5. Evaluation of J;,,(n, n’) 


We must now evaluate the radial integrals 


(24) 


Ti, (n, n’) -{ M* yu (x’)Ma (x) /x7dx. 
0 


First we express M,,, ;(x) in terms of the confluent hypergeometric functions 
F(a, p, x) by (4a) 


Maa(x) = x'1e-*/2F (a, p, x). 


From (5) we see that either both x and 7 are real or both purely imaginary. 
Using the identity 


F(a, p, x) = e*F(p — a, p, — x) (25) 


or in our case F(/+1—n, 2/+2, x) =e7*F(l+1-+n, 2/4+2, —x) we conclude 
that e~*/? F(a, p, x) is always real since it is equal to its own complex conju- 
gate. Except for a constant factor, which is unity if x is real and (—1)'* if 
x is imaginary, we may thus write 


z 


Tiv(n, n’) = anf altl’e-b2F (a, p, x)F(a’, p’, ex)dx (26) 
0 


where 
e=2'/x b= (x + x)/2x = (€ + 1)/2. (27) 


Definite integrals of the type (26) and with the upper limit +7 occur 
whenever one deals with wave functions in a Coulomb field of force. In our 
case, however, the integral is indefinite and requires different methods of 
treatment. The evaluation of this integral is much more difficult than that of 
the definite one and we have not been able to obtain a closed form except in 
certain special cases. Thus we have computed numerical values of J only for 
real values of the parameters involved. Fortunately it is for the real parame- 
ters that our results differ appreciably from those obtained with the nuclear 
model. 

Since in most cases which we shall treat, the value of < is not very large, 
the most convenient method is to use expansions in small powers of x 

T a} -n 
F(a, p, x) = iad } nso 
Ta) »-0 Mo + m)I(n + 1) 
T'(p’) > (a! + v)(ex)” 
Pa’) Te + re +1) 





(28) 








F(a’, p’, ex) = 
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Integrating term by term and using symbol y(u, z) for the incomplete gamma- 
function defined by 


v(u, z) -{ x*—-le-zdx (29) 
0 
we obtain 
T(p)T'(p’ V+. er) Ta’ . 
ste «ee ES See 








T(a@)P(a’) b+ 3 T(p’ + v»)T(v + 1) 
> b"T(a+n)yl +l +1+%»+2, bz) 
ont T(p + n)0(n + 1) 


The value of y(u, z), since uw is always an integer can be computed from the 
terminating series 


(30) 





pl g78 
v(u, 2) = ri 41 a a ot (31) 


Substituting (31) into (30) we obtain J=J'+J’’, where 
_ T(p’) et! 2 Pa’ +v)P(/+l'+1+7) (€/b)'F (a, 14-1’ +1+7; p; b-') 




















|’ = 32 
T(a’) bi 2 T(o’ + TO + 1) vite 
and 
P(p)T (pete = = T(a' + »)(ez)’ 
I” _ b —8s 
T'(a)T(a’)d 2 *) ~ P(e’ + ») Tv + 1) 
2 Natnrd+l+1i1+%+ n)2" (32b) 
ao T(ptn)rdt+l+1+r—s+n)r(n+1) ; 
etl -) d 8 
-_—- >+(-—) {st F(a, p, 2)F(a’, p', €2)}. 


The above method is especially convenient in two special cases. (1) a and 
a’ are negative integers. In this case both series of (30) terminate. (2) z is 
large and imaginary. This case corresponds to very high voltages, or large 
radii of the model. (s+ © corresponds to infinite nuclear charge and the 
integral diverges.) We can now use the asymptotic expansions 


F(a, p, 2) ~ re} * “ =} 


and conclude that all the terms in the summation of J’’ are small of the order 
1/z?, remembering that a =(p/2)-+m where m is now imaginary. 
Another simple case is that of very small z. Provided az/p and a’ze/p’ are 


much smaller than unity, we can take only the first term in the expansion 
(28). Hence 





(33) 
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F(a, p, x) = F(a’, p’, ex) 21 


and the integral (26) becomes 


+1 


yl +l! +1, bz). (34) 


Ti v(n, n’) = 





pitti 


For certain values of the parameters the integral (26) can be evaluated 
in terms of Bessel functions. Thus for »=n’ =} we have 


2'T(d + 1) 


e-*/9F (a, p, x) = e-#/F(U + 4, 21 + 2, x) = ———[ Jy) + Vara(y)} 
y 


where y =ix/2. We now have 


Ti aya(h, §) = 28PC + 1)PE + 2)(- 1) 
iz/2 
f (Ti+ Tur} Jur + Tas}dy 
0 
which with the aid of 
y 
J {JJ 42 + Tin} dy = y{Jin? as TJ 42} 
0 
and 
y y 
J Jiss{Ji — Jua}dy = f Wis igidy = Ji417(y) 
0 0 


becomes 
Thagi(h, 3) = 288P 0 + 1)E(E + 2)( — 1) (2/2) Jil iz/2)Jr42(iz/2) 
— Jigs2(iz/2)] + Jrys(iz/2)}. (35) 


II 
2-1. Parametric analysis of /, 


In the preceding section we have given methods for evaluating J;,,/(m, n’). 
J, could now be computed by assigning definite values to the parameters in- 
volved; namely Z, a, v and v’. Before doing this, however, we shall find out in 
what combinations these parameters enter, for the purpose of reducing, if 
possible, the number of cases to be considered. On inspecting the expressions 
(24), (8), and (26) we notice that J, is a function of 


z,2',n, 2’, y, y’ 
if we neglect for the moment the factor e?/m?. Now 
3 = 2ka = 4x (2mZee?/h?,— m*y2q?/h?)!/2 = (mZae?/h?, mva/h) 
n = 4n?mZe?/h?k = 822*mZae?/ hz = n(mZae*/h*?, mva/h) 
y = (24/h)mva y(mva/h). 
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It follows therefore that 
262 


J, = 





f(mZae?/h?, mva/h, mv'a/h). (36) 

c3m? 
We notice that (1) m enters only in the form of the product ma except for the 
factor 1/m?*; (2) Z enters only in the form of the product Za. 

The first of these conditions we shall utilize in estimating the radiation 
emitted by a particle of large mass in the field of a screened nucleus. The 
second condition will allow us to limit our investigations to the relevant 
range of values of the product Za without specifying the values of the two fac- 
tors Z and a. We shall use throughout the parameters Za, Va? and v/v. 


2-2. Low voltages 


2-21. Intensity of radiation. We shall consider the case of low voltages 
first. As is seen from (9) 15, [2 given by (8) diminishes roughly as y*! for small 
value of y, i.e., for slow electrons. Hence provided yX1 we need consider 
only two transitions /0—1 and 1-0, contribution to the sum (24) from higher 
values of / being negligible. Further if y is sufficiently small for the inequality, 
mv? /2<«KZe*/a, to be true, we have approximately n=n’, Z=Z'=4n, and 
therefore J, ,.(n, n’) =I, ,.-(n, n’). (24) now simplifies to 

2 },24,/2 
Jy = OZ ry sem, | *f | Bol 2] 8x7] + | | #| 9}. 
3c*r3m? y’ 
Substituting for 6, their values and neglecting y? in comparison with unity 
we further reduce (24) 


4e7h?n? | To .:(n, n) | 3 


"Behe? | M’n.0|? 





y’ 
=e ss 
M'na t+ Maa/z|? y , 





We can write J, in terms of the frequency v of radiation emitted and the energy 
V of the incident electron in electron-volts. Thus defining ) by hyp = }mv? and 
using Va? = 300h*y?/82°em = 3.8y’, we obtain the following expression 

2 


J, = f(n)Va%(1 — v/vo)"!(2 — v/v) (Va? < 1) (37) 
C 


where 


8re | To.:(n, n) | 2 


iis 2 
fw) 300m | M’n.o|?| M’na + Maa/z| ? 








x 10-18 (38) 


and is a function of the parameters of the model only. We have also found by 
numerical computation that the two inequalities limiting the region of ap- 
plicability of (37) can be replaced by a single one Va? <1, where V is in volts 
and a in angstrom units. In its dependence on the frequency, J, of (37) isa 
monotonically decreasing function of v having a negatively infinite derivative 
at the Duane-Hunt limit. 
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2-22. The total amount of radiation. To obtain the total amount of radiation 
R we integrate (37) with respect to the frequency 


ee f "Tydv = (64e/45c*)(c/300h)V2a2f(n). (39) 


We notice especially that R vanishes rapidly as the voltage goes to zero in- 
stead of remaining constant as was the case with the nuclear model. 

2-23. Dependence on the parameters of the model. The dependence of J, and 
R on the central charge Z and the screening radius a is given by a*f(m). For 





3° 


1S 


10 


f(n) 














0 1 2 5 4 S 6 


Fig. 1. Variation of f(m) with respect to m. (Circles indicate points com- 
puted from the approximate Eq. (38b).) 


very small values of we can use (34) to evaluate Jo,:(m, m); to the same ap- 
proximation we obtain 


f(n) = (8xen*/300m)10-*. (nm K€ 1). (38a) 


For larger values of m we have used Eq. (38) to calculate f(m) and found that 
for the range 1 << <6 the calculated points lie rather accurately on the curve 
represented by an “empirical-theoretical” formula 


f(n) = 6.5| 1 + (2/n*/?) cos 2rn | », 1<n< 6). (38b) 


In Fig. 1 we show f(m) as a function of m indicating by means of circles 
values computed from (38b). We observe that f(m) exhibits a series of maxima 
corresponding to integral values of m. For large values of m, f(m) has a nearly 
constant value of about 7. In this region therefore J, is independent of the 
central charge and is proportional to the cross-sectional area of the atom. 

In order to find a physical explanation of the oscillatory character of 
f(n) we have computed the values of the integral J,,,.= 9 Wnt 2dr for several 
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values of m. We have found that J, ,, exhibits even more pronounced maxima 
for integral values of m than does f(m). Now, since lW(r1) |? is equal to the prob- 
ability of finding the electron at r=7, the integral J, ,,is a measure of the time 
spent by the electron in the region 0<r<a, i.e., inside the screening shell. 
We may suppose therefore that for certain values of Za the electron stays in 
the field of the model for a very long time, executing several revolutions about 
the nucleus before escaping. 

A similar phenomenon has been found by Allis and Morse’ in their study 
of the cross section for elastic scattering. These authors used a model which 
is identical with ours. The variation of the cross section go for slow electrons 
with respect to parameters m and y is shown in their Fig. 3. Their 8 is our n 
and their x is our y. For small values of x, i.e., for slow electrons, go exhibits 
maxima near integral values of n. 

2-24. Polarization. Using relations 


To.:(n, n) = I1,0(n, n) 
| 80’ | | 81] 2/| do] *| d1’| * = y’2/y® = 1 — v/v 


and considering as before only the two transitions /1—0 and /0—1, we obtain 
for the degree of polarization P defined by (22) 


P = 3/(5 — 2v/v). (40) 
2-3. Moderate voltages 


In this section we shall consider radiation from electrons whose velocity 
is limited by the relation 


mv?/2 < Ze?/a. (41) 


For this range of velocities both z and m are real with the result that the 
evaluation of the radial integrals (18) is simplified. 

In contradistinction to the analysis of the preceding sections, now we may 
no longer assume that y<1 and must therefore take into consideration 
contribution from several values of /. In carrying out the summation over / 
we have noticed some interesting analogies to classical mechanics. Just as 
was the case for low voltages the contributions from terms with (h/27)- 
l1>mqva, i.e., 1>~y is negligible. Further, for a given voltage, the most impor- 
tant values of / are /=y for relatively soft radiation, and smaller values for 
higher frequencies. As we increase the voltage, thus increasing y, the value 
of / contributing the most also increases but not as rapidly as does y. These 
facts seem to indicate that—as was to be expected—most of the radiation 
from fast electrons and relatively hard radiation from all electrons is emitted 
in the intense field in the neighborhood of the nucleus, while softer radiation 
is more likely to be produced with weaker fields and larger paths, the time 
spent in the field being here the dominant factor. We have also noticed that 
for the important values of / the transitions /—/—1 are much more probable 
than the transitions ]—/]+1. 


® Allis and Morse, Zeits. f. Physik 20, 567 (1931). 





654 LEO NEDELSKY 


We have carried out calculations for three different values of Za, namely 
37, 25.7, 12.6. The range of the parameter Va* was from 140 to 350, where 
V is in volts and a in angstroms. Except for a few control computations, we 
have chosen the values of Va? and v/v in such a way as to make both a and 
a’ negative integers. For these values of a and a’ formula (30) takes an es- 
pecially simple form. The range of v for which this is possible is v/v) <<0.6 and 
v/vo=1 for Za = 37 or 25.7, and v/v) <0.7 for Za = 12.6. For frequencies other 
than these we have estimated the values of J;,,/(”, m’) by interpolation. Al- 
though J;,:-(”, 2’) is in most cases a monotonic function of v, because of rapid 
changes of the slope of this function the interpolation is extremely difficult 
and therefore the values of J;,,-(”, m’) unreliable. In this region the more ex- 
act methods such as direct application of the formula (30) proved to be 
exceedingly laborious, and we have not used them in view of the doubtful 
importance of precise values of J,. 

The results of these calculations in their dependence on the various param- 
eters involved are given below. 

2-31. Duane-Hunt limit. Near the Duane-Hunt limit y’<1 and prac- 
tically all of the radiation is emitted during the transition /1—0. Proceeding 
as in section 2-21 we obtain 


J, = G(Va?, Za)(1 — v/v)? (1 — v/vy9 K 1) (42) 
valid for all voltages, where 
Serhn’? — | 8, | 2 


3c3r*m? | M'yo|? 





G(Va?, Za) = | Z1,0(m, n’) | 2. (43) 


Of special interest is the behavior of J, with respect to the frequency », 
given by (1—v/v)'/*. We see that at the high-frequency limit J, vanishes for 
all finite values of V and a, and that d/J,/dy = — ©. The physical reason for 
the vanishing of J, can be seen as follows. On the one hand J, is known to be 
continuous at the limit y=; on the other hand a spectral line of frequency 
vy=vo would correspond to an orbit of infinite radius and is therefore disal- 
lowed as long as we keep the value of a finite. 

We shall now investigate the case of a= ©, i.e., the case of an unscreened 
nucleus. In this case we can use formula (32). We now have | z | = & and there- 
fore J’’=0. Limiting ourselves to high voltages and hard radiation, i.e., \n <1 
and ln/n’ 1, we shall take only the first two terms in the summation of 
I’. We thus obtain on neglecting | |? and |n/n’ |? in comparison with unity 
[Tio |?=144|n/n’ |? and |Jo1|2=16|n/n’|?. The normalizing factors 6, can 
be easily evaluated by using the asymptotic expansions (33) and (9). 


| 5|2 = x2] | /(L — e-2eiml) 
| 6, | 2 = | m| /36(1 — e-2#!*!), 





Contribution from values of / and /’ greater than unity can be safely neg- 
lected to the approximations which we are using. Substituting the above 
values of 6; and J into (24) we finally obtain 
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2riZte®) | A+ | n/n’| (1 +| n’| 2)/9 
a 1 ——- 
3chm2y | (1 — em2#I"!)(1 — en 2zin’!) 
2*r*Z7e8 | n\2 


3c3m2y? (1 —_ e~?2tlnl)( om e~2rin'l) , 





|S 





(44) 


In the limit of small |x| and |n/n’| Eq. (44) agrees both with the Sommer- 
feld’s’ Eq. (99b) and with Oppenheimer’s? equation for J/* on p. 733. 

Since in either formula, (42) or (44), only one transition /1—0 is important 
the radiation at the Duane-Hunt limit is always plane polarized in the direc- 
tion of the incident beam of electrons; i.e., P=1. 

2-32. J, as a function of the frequency. Fig. 2 below shows the variation of 
J, with respect to v/v» for various values of parameters Va? and Za. In each 
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Fig. 2. Intensity of radiation as a function of the frequency. 
(V is in volts and a in angstroms.) 


of the three parts a, b and c of the figure, vp represents the frequency of the 
Duane-Hunt limit for the highest value of Va? indicated. The straight line 
curves give the values of J;, and the dotted curves values of J;,’ computed 
from Eq. (1) for the appropriate values of the ratio Z°a?/ Va’. 

We notice that the general shape of the curves is approximately the same 
for all the values of Za and Va®. At yv=0 all the curves start with a small 
slope from a value of J, near 0.6 X 10-’ ergs cm? sec.; they reach a maximum 
near the middle of the spectrum and come to zero at the Duane-Hunt limit 
with an infinite slope. The maximum corresponds approximately to the 
smallest integral value of n’. As stated in the beginning of section 2—3, beyond 
the maximum the curves are definitely unreliable. They have been determined 
from the known fact that the slope is infinite at the Duane-Hunt limit and 
by the use of a few points obtained by difficult graphical interpolation. 

2-33. Dependence of average intensity or V, Z, a. Despite the uncertainties 
in values of J, for the high-frequency range we can obtain the average values 
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of J, fairly accurately by computing the areas under the curves of Fig. 2. 
For convenience of interpolation and extrapolation we shall give a “theoret- 
ical-empirical” formula which gives within 10 percent the six values of J 
computable from Fig. 2 and which agrees with Kramers’ value J;, as either 
V or a becomes large, or Z becomes small. 


J ‘os Fahl, V) , (45) 


et oier 
=) 1+ (Za/22)! 


As always, V is in volts and a in angstrom units. It must be remembered that 
this formula can be relied upon only within the range of values investigated. 
We know that it is wrong in the region of very small V or a where Eq. (37) 
should be used. We feel, however, that (45) could be safely used for large V 
or a, for then it differs from Jx,(Z, V) only by a small quantity the exact 
value of which is not very important. 

The region in which J is nearly equal to Jx,(Z, V) is defined for all values 
of a by the inequality 








(Z2/2V)? & 1. (46) 


This inequality may thus be used to define the region of applicability of a 
nuclear model to a neutral atom. We must remember, however, that even in 
the region (46) the equality J =Jx,(Z, V) is true only provided the central 
charge Z is the same for either model. It is clear that Z should always be less 
than the nuclear charge of the actual atom. We shall discuss the choice of Z 
in section III. 


2-4. Double shell model 


Since the model consisting of a point charge surrounded by a negatively 
charged shell is but a crude approximation to the actual atom it is of interest 
to find what changes are introduced when the model is varied. For this pur- 
pose we modified our model by adding a second negatively charged shell 
concentric with the first one, the whole system as before being neutral; and 
carried out calculations only as far as it was necessary in order to ascertain 
the order of magnitude of J,. 

The procedure for setting up an expression for J, is essentially the same 
as in the case of a single shell. We shall consider a point charge Ze, surrounded 
by an inner shell of radius a and an outer shell of radius R, the latter carrying 
a charge —Zj,e. In order to make the whole system neutral the charge on the 
inner shell must be —(Z—Z,)e. The potential V in the Schrédinger Eq. (2) 
must now have 3 different values 


V=0 (r= 


IV 
a 


V = Z,e?/R — Z,e?/r (arcs R) 
V = Ze?/a — Ze?/r + Z,e?/R —Zye2/a. (r 


IA 
= 
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Proceeding as before it is easy to show that 











1622p? y’ ae 
toe aan y Da i" 1 cal He €j— ae 
kZw ~ at 
+ Tora)? + +1) dua]? « teu 5 Than + Ti 
where 
@ M*yy(2k’r)Ma (2k 
Thy = f v(2hie) MAZE) 
0 (2kr)? 
R _ Is'r Vsr 
9d = f ¥* prvr(28'r) Wp (27) asd 
a (2sr)? 


1 
¥pu(2sr) = Foy Wn t+1sa(2sr) + Wp 241/2(— 2sr)}* 


= Mawa(2ka)W'»(2sa) — (k/s)M'n (2ka)W (2a) 
~ (k/s)M'n a(2ka)W_p.141/2(28a) — Myx(2ka)W'—p,141/2(2sa) 
(— 1) 
Wp (2RR)Hi(y) — (b/25)bpc(2kR)Hi'(y) 

€: = Wp,1(2sa)/M, 1(2ka) 
s = (2r/h)[2m{Z,e2/R — E}]? 

= (2r/h)[2m{Z,e2/R + (Z — Z,)e2/a — E]!!? 
p = 4r*mZ,c7/h*s. 


The result of the few calculations carried out seems to show that J, has 
the same order of magnitude whether we represent an atomic field as given 
by Slater™! by a single shell model or by a double-shell one. This is very 
satisfactory, for since a charged shell model is not very sensitive even to such 
radical changes as increasing the number of shells, we may hope that our 
crude model represents fairly accurately the actual atom with its diffuse 
boundaries. 








2-5. Radiation from protons 


In this section we shall use the results of the parametric analysis of section 
2-1 to estimate the intensity of radiation emitted by a proton in the field of 
our model. In section 2-1 we have shown that the mass of the incident par- 
ticle, m, and the radius of the shell, a, enter only in the form of the product 
ma, except for the factor 1/m?. Let us now consider two particles of equal 
initial velocities, v, and’of masses M and m passing through fields limited by 
radii a and R, respectively. Further, let the values of the radii and masses 
be so chosen as to satisfy the relation M@a=mR. We shall consider transitions 
in which the final velocity, v’, has the same value for both particles. The fre- 
quency »; of radiation emitted by the particle of mass M is then given by 


10 See Modern Analysis, Whittaker and Watson, section 16.12 of the 4th edition. 
" Slater, Phys. Rev. 36, 57 (1930). 
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hy, = 3(v? — ov”) M. 
The other particle emits radiation of frequency v2 
hve = 3(v? — v'?)m. 


It therefore follows from (36) that the intensities of radiation for the two 
particles per unit ranges of the respective frequencies are connected by the 
relation 

J,,(M, a) = (m?/M?)J,,(m, R) (47) 


where v;/v2= R/a= M/m. 

We shall apply (47) to the case of a proton of mass J in the field of an 
atom whose field may be considered limited by a radius, a, of the order of 
magnitude of 1A. We shall compare the intensity of radiation emitted by the 
proton to that of an electron of mass m in the field limited by the radius 
R=(M/m)a. From the known.ratio of the masses 1//m=1850 we conclude 
that R is of the order of magnitude of 2000A. Now it is obvious that a model 
with a radius of 2000A is very nearly equivalent to an unscreened nucleus. 
We therefore obtain quite generally, provided the velocities of the two par- 
ticles are equal 


J,, (proton, atom) = (m?/M?)J,, (electron, nucleus) (48) 


where as before »;/v2 = M/m = 1850. 

If we use Kramers’ formula (1) for Jvz in (48), the resulting expression 
for J,, is identical with Kramers’ formula for a proton radiating in the field 
of an unscreened nucleus. It is perhaps not surprising, however, that a proton 
radiates nearly as much in a limited field as it does in the field of an un- 
screened nucleus, for the mass of the proton is so large that its acceleration 
is negligible except in very intense fields. 


III. 
3-1. Choice of Z and a 


In the preceding section we have given formulas describing the radiation 
emitted by an electron in the field of a model consisting of a central charge Z 
surrounded by a negatively charged shell of radius a. Before comparing our 
results with experimental data we must give methods for the proper choice 
of Z and a in order that our model may correctly represent an actual atom. 
We shall see that this choice can be made unambiguously in two limiting 
cases: (1) high voltages and (2) low voltages. In the intermediate region Z 
and a must be found by interpolation. 

3-11. High voltages. In section 2-33 we saw that there exists a region, 
(Z?/2V)*<1, in which the radiation is independent of a and depends only 
on Z. In this region therefore the nuclear model should give correct results 
provided Z is properly chosen. In order to determine Z we shall proceed as 
follows. We shall assume that in the actual atom the effective charge Z at a 
distance r from the nucleus is given by an expression 
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Z = N(i — r/R)! (49) 


where N is the nuclear charge, and R and s are constants at our disposal to 
be determined for each atom by investigating its field, for example by 
Slater’s'! method. We shall now determine the region of the field, say near 
r=frer, in which most of the radiation is produced when a stream of elec- 
trons is incident upon the atom, and take the corresponding charge Ze; = 
N(1—‘et/R)* for the central charge of our model. Now for each electron of 
the incident beam characterized by the distance p of the original path from 
the nucleus there is a region of the field say about r =r, in which this particu- 
lar electron radiates most. We shall assume further then that the radiation 
of this electron does not differ greatly from that emitted in a coulomb field of 
central charge Z,= N(1—r,/R)*. The difference is the smaller, the closer the 
path of the electron approaches a circular orbit of radius r,. 

We may now use Kramers’! expression (Eq. (70)) for the intensity of radi- 
ation 


8xiZ,te* P(x) 





i,dpdv = ome p pdv (50) 
where 
P(y) = rf [-yi/83-1/297 5) ( iy /3) ]? 4 [-yi®/33-1/2475 4 iy/3) ]?} (51) 
and y = 2xvp*v'm?/Z ,*e4, § . 


and find the value of p corresponding to the maximum of i,. This will give 
us 7, of the electron which radiates more than any other electron of the beam, 
i.e., it will give us the value of rer. Before doing this however we must postu- 
late some functional relation between 7, and p. We shall take it to be 


rp, = kp (52) 
where k& is independent of p. 
Letting 
y = 8; kp/R = w; s = 3m/2; & = Neth? /2avv?m?R® (53) 
we obtain 
ex = w/(1 — w)™ (54) 
and 
i, = cv*P(x*)/x'. (55) 


Since we have to deal only with small values of iy/3 we have used expansions 
about the origin of the Hankel’s functions in the expression (51) for P(x*) 
and retained only the first two terms for each H™,. The maximum of 7, can 
now be found in the usual way by equating the derivative of 7, to zero. 

We carried out our calculations for three special cases: (a) small €; (b) 
large €; (c) s=3/2. 
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(a) When € is small, ex and hence w are also small. Thus to the first ap- 
proximation we have from (54) ex=w. Going to the second approximation 
we let w=ex-+g where g is small of the order w®. Putting this value of w into 
(54) we obtain 


_ Eaxts 1 _ EX+sg {1 mg \ 
~ A—ex)™ (1—g/1—ex)™ (1 — ex)™ rene 


€xX 








1 — ex 
whence on neglecting g? 
ex 


w= 1 — ex)™*! x}. 56 
1 + ex(m — me ” rom (56) 





Substituting (56) into di,/dx =0 we obtain an equation in x. By using special 
values for m we found that the maximum lies near x =0.7. We have therefore 
introduced a new variable y=x—0.7 and neglecting y* we have obtained a 
quadratic equation in y which we have solved. Our result is 




















N 8 
Zet = ™ provided e? < _| | 
(1 + 0.75¢)* s(2s — 3)| | ™ 
2 1. (57) 
and 0.75¢ ; | 
rett/R = or if s = 3/2, 0.75€ < 1 
(1 + 0.75e)**/8 ) } 


(b) When €>1, we have y1, and may take only the lowest power of 7 
in the expansion of P(y), namely y?/*. We thus have 


i, = C:Z,2!3p 
and without further approximations 
Zett = N/(1 +3/2s)*} rets/R = 3/(3 + 2s). (58) 


(c) s=3/2. 

Locating the maximum of 7, is especially easy when s=3/2, for then 
w=ex/(1+ex). Using the method outlined in (a) we have determined the 
maxima for all values of e. The resulting ratios Z.;;/N and res;/R are plotted 
against ¢€ in Fig. 3. 

In all the above formulas we have three adjustable parameters s, R and k. 
The first two are determined by the field of the atom; the third parameter, 
k, is some function of NV, V, v and R. The following considerations seem to 
show, however, that k should not differ greatly from unity; i.e., rp =p. 

In the first place the path of the incident electron is certain to traverse 
both regions r> and r <p. For very fast electrons the closest distance of ap- 
proach to the nucleus, 7,,, which is certainly the most important region for 
these electrons, is nearly equal to p. As we go to slower electrons 7, becomes 
smaller than p but at the same time the strength of the field becomes less 
important in comparison with the time spent in the field with the result that 
the relation between 7, and p tends to remain constant. 
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We may also arrive at a rough estimate of r, in the following way. We 
shall assume that the total radiation from an electron which is deflected 
through an angle less than 90° is equal to the radiation which would be emit- 
ted if the path of the electron consisted of a quarter of a circle of radius r,. 
For the latter case we have 


2e? Ne? a Ne 
R = — —j)d = ———_ 
Se* MY » 3c3m*or » 
On the other hand for such deflections, Kramers! gives a formula 
R = tN*e°/3c%m*vp. 


Hence if the two R’s are to be equal we must have r,=/. 
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Having obtained an estimate of k we may now determine the regions of 
applicability of Eqs. (57) and (58). For this purpose we shall take s=3/2, 
and R=2A, i.e., equal roughly to the radius of an atom. Eq. (57) then be- 


comes: 
Zett = N/{1 + 4.4(N2/3/V5/®) (yo /y)1/3]3/2 (57a) 


with the condition for its validity 
(4.4N2/3/V5/®)(yp/p)/3 <1, (59) 


It is clear that (59) is satisfied in all cases of physical interest, especially in 
the region in which the nuclear model could be used, i.e., in the region defined 
by (Z2?/2V)?«1. Hence Eq. (58) need be used only for the long wave-length 
end of the spectrum. 

3-12. Low voltages. We have seen that in the region Va?<1 where our 
Eq. (37) should be used J, is nearly independent of Z (at least for larger val- 
ues of 2) and is proportional to a*. Hence in this region a must be taken some- 
what larger than the radius of the atom while Z may be equated to some sort 
of average of the effective charge inside the atom, the exact value of Z being 
of little importance. 
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3-13. Moderate voltages. In the region intermediate between the two dis- 
cussed above, i.e., where Eq. (45) is to be used, the proper choice of Z and a 
is difficult to determine. For want of better criterion we may suggest that 
provided (Z?/2V)? is not too large or Va? too small, Eq. (57) be used, and Z 
taken to be equal to Z.s; and a equal to, say, twice the value of rer;. In the 
other limiting case the method of section 3-12 may be used with the modifica- 
tion that a should be given a value which is the smaller (and therefore the 
average value of Z the larger) the harder the radiation. 


3-2. Comparison with experiment 


Perhaps the greatest applicability of our results and the test of their cor- 
rectness should be sought in the field of astro-physics, for it is known that 
certain portions of stellar atmospheres contain a great many neutral atoms. 
Comparison with terrestrial experiments is made difficult by the fact that our 
calculations apply only to infinitely thin targets, while the only available 
data, for the region of voltages in which we are interested, are on radiation 
from thick targets. On the other hand, we cannot use the Thomson-Whidding- 
ton law—as was done by Kramers—to extend our results to the case of thick 
targets for the following reasons. As we have seen, for slow electrons the 
cross section for radiation of an atom is small in comparison to its gas-kinetic 
cross section; as a consequence only a small part of the energy lost by the 
incident electron appears as radiation, the rest being consumed in increasing 
the thermal agitations of the lattice. Further it is known that for such elec- 
trons the cross section of an atom for inelastic collisions and its gas-kinetic 
cross section are of the same order of magnitude. Thus only a very few atomic 
layers contribute appreciably to the radiation since the range in matter of 
low velocity electrons is extremely short. It is clear therefore that the Thom- 
son-Whiddington which implies continuous loss of energy while applicable to 
fast electrons with their longer paths and small losses in a single collision, 
must be replaced in our case by much more detailed and less general calcula- 
tion. Moreover in the case of metal targets it is questionable whether our 
spherically symmetrical model is a good approximation to the field about each 
lattice point of the metal crystal. The problem is simpler in its astrophysical 
applications since there we have to deal with a gas and the velocity distribu- 
tion of electrons may be supposed known. 

In view of these difficulties and the further difficulty that in the case of 
thick targets and soft radiation a large part of the radiation may fail to escape 
due to internal reflection and to absorption we can hope to obtain agreement 
with experimental results in the order of magnitude only. The only available 
data in the region of low voltages are to be found in the work of Mohler and 
Boeckner.” These authors, using a small metal probe, measured the absolute 
intensity of continuous radiation emitted by electrons of energies below 30 
volts. 

We have made the comparison with their values on the assumption that 
the amount of radiation emitted by an electron is proportional to the number 


2 Mohler and Boeckner, Bur. Standards J. Research 6, 673 (1931); 7, 751 (1931). 
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of atoms it encounters. Knowing the number of atoms per unit volume of 
target and calling the depth of penetration of the electron / we can compute 
the intensity J of radiation per atom per unit intensity of the electronic beam. 
Thus for the case of a copper probe, 9.1 volts and 3700A we have 


J = (3.87 X 10-**) /] ergs cm? sec. (60) 


We may now evaluate / by equating the experimental and the theoretical 
values of J. Thus if we use Kramers’ formula (1) we obtain /x,=0.0045A. 
This absurdly small value of / indicates that the nuclear model cannot be 
used for very low voltages. P| 

Mohler and Boeckner tentatively used a formula, which Kramers derived 
for the case of a thick target by using the Thomson-Whiddington law, and 
found agreement within a factor of 2. We have seen however that neither the 
nuclear model nor the Thomson-Whiddington law can be applied to the case 
of very slow electrons; the agreement must therefore be considered acciden- 
tal. 

Before comparing (60) with the equations derived with the aid of our 
model we must decide upon the values of Z and a corresponding to a neutral 
copper atom. Using methods of section 3-12 and Slater’s atomic fields we 
obtain a=1.73A and Z=9. We notice that (58) with s=3/2 gives nearly 
identical results; namely Z,.;;=10.3andA = 2r.;;= R=1.73A. By using the for- 
mer values of a and Z in Eq. (45) we obtain in conjunction with (60),/=18A, 
a value which corresponds to the penetration of 7 or 8 atomic layers. This 
value of / seems altogether reasonable for very slow electrons and thus pro- 
vides us with a partial experimental verification of the validity of our formulas 
at least as to the order to magnitude. 


SUMMARY 


We have developed expressions describing the radiation emitted by a 
stream of electrons in the field of a model consisting of a point charge Ze sur- 
rounded by a negatively charged spherical shell of radius a, the whole system 
being neutral. In all the formulas below, a is in angstrom units and V, the 
energy content of the incident electrons, in electron-volts. We have labeled 
(emp) formulas which have not been theoretically derived but merely set 
up to give approximately the same values as those obtained from exact ex- 
pressions. 

We have divided our field of investigation into three regions: (1) low 
voltages, (2) moderate voltages and (3) high voltages. 


(1) Low voltages (Va? <1) 


9 


4e? 
Jy = = Sln)Va? (1 — +/v0)"(2 — v/v) (37) 
IC 


where f() is given by the graph of Fig. 1, or approximately by 
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= 101° 1 
f(n) Pa 0 (n “ 1) (38a) 
| 2 
f(n) = 6.5/1 + —, 298 2xn| (un > 1)(emp) (38b) 
n3!2 
P = 3/(5 — 2v/v). (40) 


(2) Moderate voltages (Va? <3X10eZa) 








” JZ, V) 
j = 2) (emp) (45) 
Wor) 1+ (Za/22)* 
where 
Jirl(Z, V) = (1600275 /31/2¢8m)(Z2/V). (1) 


(3) High voltages ((Z?/2 V)*<«1) 


Ie = J xr(Zete, V) 


where 
Zot = N/(1 + 0.750)" ( é & | 8/s(2s — 3)| ) (57) 
or if s = 3/2, 0.75«€ < 1 
Zett = N/(1+3/2s)* (€> 1) (58) 
and 
8 = N%1/2evm%R? (53) 


P = 1 for v = po. 


We have also carried out a few calculations using a model having two con- 
centric spherical shells of different radii and obtained results of the same order 
of magnitude with those for the single shell model. 

From the fact that the mass of the particle m and the radius of the screen- 
ing shell a enter into the expression for J, only in the form of the product ma 
we have derived an expression connecting the intensities of radiation from a 
proton in the field of our model and from an electron of the same velocity in 
the field of an unscreened nucleus. 


J,,(proton, atom) = (m/M7?)J,,(electron, nucleus) (48) 
where 


v;/v. = M/m = 1850 


and J’s are the intensities per unit range of the respective frequencies. 
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In section III we have discussed the proper choice of Z and a in order 
that our model may represent an actual atom. There we have also compared 
our results with the experimental data of Mohler and Boeckner™ and found 
agreement in the order of magnitude. 

The writer wishes to thank Dr. H. A. Kramers for suggesting the problem 


and Dr. J. R. Oppenheimer for his friendly and helpful supervision of this 
work, 
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The present paper is concerned with the calculation of the paramagnetic sus- 
ceptibility of highly hydrated crystals of the iron group elements Ni, Cr and Co. On 
the assumption that the metallic ion is subject to a crystalline electric field, pre- 
dominantly cubic but also with a smaller rhombic term, the Hamiltonian function in 
a magnetic field H is given by 


D(x! + y+ 54) + Ax® + By? — (A + B)s* + MLS) + BH: (L + 2S) 


the numerical value of \ being known from the work of Laporte but the other con- 
stants yet to be determined. It actually proves possible to formulate and solve ap- 
proximately the resulting secular equations and so obtain the first and second order 
Zeeman effects and hence the susceptibility. For all three ions L =3, so that the orbital 
problem is the same for all. This problem is exactly soluble, the energy levels con- 
sisting of two triplets and a singlet, the singlet not lying between the triplets. The 
effect of the introduction of the spin and its coupling to the orbit then leads to a de- 
terminant of order 21 for Ni and of order 28 for Cr and Co. That for Ni factors into one 
of order 10 and one of order 11, while those for Cr and Co factor into two determi- 
nants, identical except for the sign of the coefficient of H. On the assumption of a cubic 
field of the same sign and of approximately the same magnitude for all three ions 
the orbit-spin, together with the rhombic field, is able to remove the degeneracy of 
the lowest level in Ni and Cr only in a high approximation, while with Co the de- 
generacy is removed in first approximation. This difference accounts for the isotropy 
of Ni and Cr compared with the anisotropy of Co. In order to obtain agreement 
with experiment it is necessary to assume that in Ni the singlet of the orbital problem 
lies lowest. It then follows from the work of Van Vleck that the singlet also lies lowest 
for Cr but that for Co the singlet lies highest. When the singlet lies lowest, the square 
of the magneton number is given by the “spin only” value 4S(S+1), together with 
a small orbital contribution of order \/D, whose sign can be either positive or nega- 
tive. Actually it is positive for Ni and negative for Cr. In order to fit the results on 
the principal susceptibilities of Ni, it is necessary to take D=1260 cm, A =176 
cm~!, B=352 cm“, the magnitude of \ being —335 cm~. For Ni and Cr the theory 
requires that for the mean susceptibility x =Q+P/T, where P and Q are constants, 
Q being uniquely determined when P is fixed. Choosing P so that xT passes through 
the experimental point at 170°K we find that good agreement is obtained over the 
whole temperature range. For Cr \=87 cm~' and we find D = 3730 cm“, but we cannot 
determine A or B since there are no data on the principal susceptibilities. 

Computational difficulties prevent the accurate solution of the Co problem. 
The situation is complicated by the experimental data not being complete. It proves 
necessary to consider a sextet which is soluble only numerically in the general case 
but perturbation theory can be applied when either the orbit-spin is large compared 
with the rhombic field or vice-versa. We obtain fair agreement with experiment and 
our calculations indicate that good agreement would be obtained in an intermediate 
case. 


* Commonwealth Fund Fellow. 
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SUSCEPTIBILITIES OF SALTS 


INTRODUCTION 


N THE following paper the idea of crystal fields of definite symmetry, de- 

veloped by Van Vleck and others,' and already used in a previous article 
by the authors,” is applied to calculate the susceptibilities of salts of the ele- 
ments Ni, Co and Cr. There are two respects in which the present problem 
differs from that of susceptibilities in the rare earth group. In the first place, 
the incomplete shell which is responsible for the paramagnetism of the iron 
elements consists of 3d electrons, which are much more strongly affected by 
the crystal fields than the more sheltered 4f shell of the rare earths. In the 
second place the orbit-spin coupling, which determines the multiplet width, 
is usually smaller in the iron group than in the rare earths. For the latter it 
was allowable to suppose that each multiplet component underwent a “Stark 
effect” due to the crystal field, without distortion on account of the other 
multiplet components. In the iron group, however, the electric field of the 
crystal is able to break down the relatively weak coupling between orbit and 
spin, producing an electric Paschen-Back effect; the orbit-spin coupling may 
be treated hence as a perturbation on an unperturbed problem which neglects 
the spin. This unperturbed, or orbital problem, as we shall call it, is the same 
for all three ions Nit*+ Cot* Cr**, since they all have an F state (L =3) as 
ground state. 

We assume that the crystal field has no more than rhombic symmetry.’ 
The high degree of isotropy of Ni salts suggests that in this case the departure 
from cubic symmetry is small. Now it is known that a field which is nearly 
cubic decomposes the seven coincident levels of the F state (without spin) 
into a single level and two triplets, the single level lying outside the triplets 
and the triplet widths being small compared with the singlet-triplet or the 
triplet-triplet separations. If the spin and its coupling to the orbit be in- 
cluded, further decompositions of these levels occur. The general theory of 
susceptibilities shows that Curie’s law will cease to be obeyed at low tempera- 
tures if kT becomes comparable with the separation of the lowest group of 
levels. The close conformity of Ni salts to Curie’s law over a range of tempera- 
ture from 300°K down to 14°K thus requires that a very narrow group of 
levels must lie considerably below all others. These conditions are satisfied 
if the single level of the orbital problem lies below the others, and on this as- 
sumption it is possible to account qualitatively for both the small anisotropy 
and the conformity to Curie’s law. This arrangement of levels, however, ap- 
pears to preclude an explanation on the same lines of the much greater 
anisotropy of the very similar and sometimes isomorphous salts of Co, and 
of the considerable departures from Curie’s law which they exhibit. To ac- 


1 J. H. Van Vleck, Theory of Electric and Magnetic Susceptibilities, Oxford (1932). 

2 W.G. Penney and R. Schlapp, Phys. Rev. 41, 194 (1932). Attention may be called here 
to a printers error in this paper. Minus signs were omitted in Eqs. (8) and (9) which should 
read g= —J/10395 for (8) and g= —J/32670 for (9). Moreover, in the secular determinant for 
Pra=}pD (not pD) and similarly for Nd A =6ap(14)"?. 

3 The assumption of a rhombic field not predominantly cubic was found to lead to very 
large asymmetry, in contradiction with experiment. 
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count for the behavior of Co salts it is necessary to suppose that the levels 
of the orbital problem in Co are inverted relatively to those in Ni. That such 
an inversion is actually to be expected in passing from Ni and Cr to Co has 
been neatly demonstrated by Van Vleck.‘ 


EXPERIMENTAL DATA 


It is useful at this stage to review the experimental data available on the 
hydrated salts of Ni, Cr and Co. We restrict ourselves to salts of large mag- 
netic dilution, so that exchange effects may be neglected. Determinations of 
the three principal susceptibilities of the double sulphates of Co with am- 
monium, potassium and rubidium, have been made by Rabi’ at 300°K. Jack- 
son® has measured the susceptibility of powdered Ni(NH,4)2(SO4)2-6H2O and 
Gorter, de Haas and v. d. Handel’ that of powdered NiSO,:7H:O over a range 
of temperature between 14°K and 290°K. The graph of 1/x against 7 is ap- 
proximately a straight line through the origin in both cases. Jackson® has 
measured the three principal susceptibilities of Co(NH4)e(SO,4)2-6H2O at 
various temperatures down to 14°K. His values of the susceptibility extrapo- 
lated to a temperature of 300°K differ considerably from Rabi’s, and there is 
only one determination between 20° and 290°K. As far as one can judge, 
however, the graph of 1/x against T is a straight line for each of the three 
principal susceptibilities, down to a temperature of about 50°K, below which 
the curve bends downwards slightly, so that the susceptibilities are higher 
than those predicted by the relation x = C/(7+A) of Weiss. 

Very recently determinations over a temperature range from 250°K to 
360°K have been made by Bartlett* for crystalline cobalt ammonium sul- 
phate and certain other crystals. They seem to be the most reliable measure- 
ments yet taken, being consistent and in agreement with Rabi’s at the single 
temperature used by him. We are indebted to Dr. Bartlett for communicating 
these results to us in advance of publication. 

The susceptibility of potassium chrome alum in powder form has been 
measured by de Haas and Gorter® at various temperatures between 290°K 
and 14°K. They find that the law x=C/T is closely obeyed over the whole 
range. Chrome alum forms crystals in the cubic system so that it may be 
expected to be magnetically isotropic.'® 


4J.H. Van Vleck, Phys. Rev. 41, 208 (1932). 

5 TJ. I. Rabi, Phys. Rev. 29, 184 (1927). 

6 L. C. Jackson, Phil. Trans. Roy. Soc. London, 224, 1 (1922), Leiden Com. 163. 

7C. J. Gorter, W. J. de Haas and v. d. Handel, Proc. Amst. Acad. 34, 1 (1931), Leiden 
Com. 218d. 

8 B. W. Bartlett, Phys. Rev. 41, 818 (1932). 
® W. J. de Haas and C. J. Gorter, Leiden Com. 208d. 

10 Measurements of the susceptibilities of the paramagnetic cubic crystal pyrite were 
made long ago by Voigt and Kinoshita (Ann. d. Physik 24, 492 (1907)) who found it to be 
magnetically isotropic. There does not, however, seem to be any reason why magnetic dis- 
symmetry should not exist in cubic crystals, as the electric field acting on the ion may have 
a lower symmetry than the lattice. See also reference 18. 
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THE ION IN A PERFECTLY CUBIC FIELD 


Before considering the secular determinant explicitly, it is instructive to 
look at the problem from a more general point of view. The analysis of Bethe" 
shows that the cubic field breaks up the F level into three, corresponding to 
the irreducible representations I2, T's, ';, of the cubic group, in his notation. 
The level I; lies between [; and Ty; [2 is single, while 'y and I’; are each 
triply degenerate. We shall see later that the intervals between l2, T's, I’; are 
of the order 10‘ cm~!. The reader is referred to Van Vleck’s‘ paper for the 
demonstration of the fact that in Ni and Cr I; lies lowest and in Co I, lies 
lowest, for a given sign of D in the Hamiltonian. The level T; is non-magnetic; 
that is to say an atom in this state has no average orbital magnetic moment. 
The level I’, is magnetic. Hence if I’: is lowest the orbit is “quenched”, i.e., 
contributes nothing to the susceptibility except a term independent of tem- 
perature. If, however, I’, is lowest a certain portion survives. 

We have now to consider the influence of the spin. Inclusion of the spin 
S (=1 for Ni and 3/2 for Co and Cr) without interaction with the orbit 
makes each level of the orbital problem have an additional (2S+1)-fold de- 
generacy, which is partially removed by the interaction. By the methods of 
Bethe’s paper the decomposition of the levels is found by reducing the six 
direct products [';D;, (¢=2, 4, 5; R=1, 3/2) to represent the cubic group. 
Here D, is the representation group for the rotation of the spin k alone. The 
result is, in Bethe’s notation, 


PD; - rs, T2D3/2 = Ts 
MD, =Te+Ts +a t+Ts, WsDsye = 6 + V7 + Qs, (1) 
PD, =Ti tls +t latTs, VsDsy2 = lo +07 + 20s. 


Here I's, T'7, I's are the “zweideutig” representations of the cubic group, of 
dimensions 2, 2, 4, respectively, which always arise with half-integral quan- 
tum numbers. These equations state that for Ni, Cr and Co the orbit-spin- 
interaction does not split the cubic level I’; but splits each of the levels Ty, T's 
into four components. 

Let us suppose that the level T; of the orbital problem lies lowest. The 
above reductions show that under the orbit-spin interaction this level does 
not break up, but remains triply degenerate (in Ni) or quadruply degenerate 
(in Co and Cr); no energy differences arise in consequence of different ori- 
entations of the spin, which therefore remains entirely free at all temperatures 
to orientate itself along the magnetic field. If the orbital contribution to the 
moment be neglected, the magneton number would be the Bose-Stoner or 
“spin only” value [4.S(S+1) ]}"*. A further deduction is that the orbit-spin 
interaction causes the state I’, to interact with components of I’, and I’; as is 
seen from the threefold occurrence of I’; or I's on the right-hand side of (1). 
This produces a sharing of properties, and in particular gives rise to an or- 
bital contribution to the magnetic moment in the state I’; which is of order 


1H. Bethe, Ann, d. Physik 3, 133 (1929). 
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\/D. Thus the orbit-spin coupling produces, in an ion in a cubic field, de- 
partures from the Bose-Stoner value which may be either positive or negative 
according to the sign of A/D. 

The circumstances are not quite so simple if the state I’; lies lowest. Here 
the orbit-spin coupling partially removes the degeneracy, so that different 
orientations of the spin have different energies, although, of course, it is not 
possible to associate a definite axial quantization of the spin with each of the 
levels. Thus the spin is only partially free and the orbital contribution will 
also be modified. 

THE CoNsTANT A 


In a cubic field the quantity A of the Curie-Weiss formula x = C/(77+A) 
is given to a first approximation by the ratio of the coefficients of 1/7 and 
1/7? in the expansion of the susceptibility in inverse powers of 7. If we make 
the usual assumption that the magnetic moment in the absence of the mag- 
netic field contains, besides low-frequency elements J/(n, n’), only high- 
frequency elements, and none of intermediate frequency, it is easily shown” 


that 
‘| —-W 


the summation being over the group of levels connected by low-frequency 
elements, and W being their mean energy. When the level I, of the orbital 
problem, which is not split up by the orbit-spin interaction, lies lowest, the 
magnetic mean center and the energetic mean center, whose difference gives 
kA according to the last equation, necessarily coincide. Hence in this case the 
susceptibility is of the form x=C/T, correct to terms in 1/7°*. To this ap- 
proximation the ion in a cubic field behaves as if it were in the gaseous state. 

If the level T', lies lowest, the magnetic mean center and the energetic 
mean center do not necessarily coincide, so that the susceptibility will in gen- 
eral have a term in 1/7*. Thus leaving aside the question of asymmetry 
produced by a rhombic field, which is considered in the next section, we 
should expect Ni and Cr to conform much more closely to Curie’s law than 
Co, as is indeed found to be the case. 








kA = ‘ >w, | M(n, n’) | ?/ > M(n, n’) 


ASYMMETRY DUE TO A RHOMBIC FIELD 


Let us for the moment neglect the spin. The effect of superposing a 
rhombic field on the cubic field is, as shown by Bethe," to remove all the de- 
generacy in the orbital problem, the appropriate reduction being 


Tr, = Gi, Ty = Go + G3 + Gy, ls = G2 +6; + Gy, (2) 


where Gi, G2, G3, G, are the four one-dimensional representations of the 
rhombic group. Fig. 1 shows diagrammatically the decomposition of the 
levels under the various fields. The level I’; is seen to be completely isolated 


12 C, J. Gorter, Arch. Musee Teyler, 7 (3), 183 (1932). This formula can readily be ob- 
tained from the equation for kA on page 197, reference 2, W in this case having been chosen 
to be zero, 
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from the others. The rhombic field alone, unlike the orbit-spin coupling, does 
not lead to a sharing of properties between I; and the other states. If I, is 
lowest the rhombic field does not give rise to any orbital contribution to the 
part of the susceptibility depending on the temperature. The part independ- 
ent of the temperature is rendered slightly asymmetrical. Although no asym- 
metry is introduced directly by the rhombic field, the orbit-spin interaction, 
as we have seen, evokes an orbital contribution to the susceptibility, and this 
will be rendered anisotropic by the rhombic field. The anisotropy is thus a 
second order effect; the rhombic field may be comparatively large without 
producing much anisotropy. Neither the rhombic field alone nor the orbit- 















































5 2 





| 
V 





[" G rr OP 


Fig. 1. Fig. 1 shows how the °F state in nickel is affected by the cubic field, the rhombic 
field and the orbit-spin coupling. By starting at the left with the free ion, the cubic field splits 
the single level into three, the numbers and symbols underneath denoting to which representa- 
tion, in Bethe’s notation, the levels belong. The application of the rhombic field splits Ty and 
I’; each into three, leaving ['; single. The addition of the orbit-spin then removes all the re- 
maining degeneracy. Making the rhombic field zero leaves only orbit-spin and cubic, the way 
the levels come together being shown. Removal of the orbit-spin leaves only the cubic field, 
and making this shrink to zero gives once again the free ion. 


spin interaction alone can split the level I’; of the cubic field. Both acting 
together will remove all degeneracy, but the separation produced will de- 
pend on a cross term and in addition is a second order effect in \ owing to the 
vanishing of the mean orbital angular momentum. If the level I’; is lowest, 
these conclusions do not hold, both the anisotropy and A being first order 
effects of the rhombic field. 


If T'2 lies lowest, as in Ni and Cr, it is possible to prove a result very similar to that which 
was shown to hold for the rare earths, namely that the expansion of x for a crystal powder 
should contain no term in 1/7*. The Hamiltonian inclusive of the magnetic field is invariant 
for a half turn about the magnetic field. The group consisting of this operation and the identical 





672 R. SCHLAPP AND W. G. PENNEY 


operation has two one-dimensional (eindeutig) representations, associated respectively with 
the odd and even series of values of the quantum number M. (M is not a good quantum num- 
ber when the electric field and (L- S) are diagonalized.) It is clear that of the three constituent 
levels €1, €2, €3 of T'2, two, (€1, €2) belong to one representation, and the third (¢;) to the other. 
The third level has therefore no magnetic or other connection with the other two, which are 
linked to each other. In the presence of the magnetic field, the level ¢3 is unaltered, while «, €: 
undergo equal and opposite displacements away from each other. This neglects the high-fre- 
quency shift, which is practically the same for all three levels. The value of &A is therefore 
(€1 + €2+ €3)/3 — (€1+ €2)/2 = (2 €3— €1 — €2)/6, an expression which is of course invariant of the 
origin of energy. On permuting the axes the “field free” levels «1, €2, €; undergo a correspond- 
ing permutation; if we average the above expressions for kA over three cyclic permutations, 
which corresponds to finding the value of kA for a crystal powder, the result is seen to vanish. 


We now turn our attention to the secular determinant of the problem in 
order to give the considerations of the foregoing sections a more quantitative 
form. 
THE SECULAR DETERMINANT 
The Hamiltonian 


We assume a Hamiltonian function 


Dd [Dixit + vit + 2:4) + Ax? + By? — (A + B)z2] 
+ ML-S) + BH: (L + 2S) (3) 


where A, B, D are constants specifying the crystal field, \ is the constant of 
the orbit-spin interaction, 6 is the Bohr magneton eh/4rmc and Zi is the 
magnetic field. 

In the Hamiltonian (3) the dominant term is the term in D. The most 
general field of rhombic symmetry which is nearly cubic would give a Hamil- 
tonian containing other terms in addition to those written down. These 
would be of higher order and no greater generality would be obtained by their 
inclusion. The rhombic term and the orbit-spin coupling are of comparable 
magnitude. The magnetic energy may always be regarded as a small pertur- 
bation in calculating the susceptibility, even though the field is strong enough 
to produce a Paschen-Back effect, always provided that the magnetic separa- 
tions do not become comparable with kT so that saturation effects occur. 
This follows from an application of the principle of spectroscopic stability due 
to Van Vleck." 


The matrix elements 


The following matrix elements in the (1/,, M,) system of quantization 
are required. They have been obtained by the method used in the previous 
paper.’ 


D di(xit + yt + 2:4)(Mz, M1) 


= const. + q’DM,2[7M,2+ 5 — 6L(L + 1)], 
D Ddo(xit + yit + 2i4)(Mz, Mz + 4) 
= 3q'D{(L F Mi) "(~L+ Mi +4)!/(L + Mi) “(LF Mz — 4)!)", 


8 Reference 1, page 231. 
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> [Ax2 + By? — (A + B)z?](Mz1, M1) 
= const. + }a(A + B)[3M12 — L(L + 1)], 
>> [Ax2 + By? — (A + B)z2?](M1, Mz + 2) 
= — a(A — B)[(L $ Mi) "(LZ + Mz + 2)!/(L F Mi — 2)\(L + Mz)!]"/2/4. 
Here g and a are the ratios of the matrix elements calculated for a system of 
n electrons to those for a one-electron system; the sign of g has been discussed 
by Van Vleck.‘ The summation is over all the electrons of the incomplete 
group. The two additive constants, as well as g and a, are independent of /,. 
These matrix elements are all diagonal in L. The elements non-diagonal in L 
are not required, since the crystal field is assumed not to destroy the Russell- 


Saunders coupling of the vectors /;, s;. Since the elements do not involve the 
spin, they may be regarded as diagonal in M,. We also require 

(L-S)(M1, Ms; M1, Ms) = MLMs, 
(L-S)(M1z, Ms; Mr, + 1, Ms a 1) 


= 3[(S + Ms)\(S — Ms +1)(L F Mi)(L + Mz + 1))""2. 


The secular determinant 


The orbital problem, being common to all three ions Ni, Co, Cr, may be 
treated first. The orbital terms of the Hamiltonian are all of type AM,=0, 
+2, +4, so that the secular determinant 


(M1, Ms; M1’, Ms’) — 5(M1z, Ms; M1’, Ms3')W = 0, 


breaks up into two factors, one of the fourth order involving M,= +3, +1, 
and one of the third order involving M,=0, +2. These factors are sym- 
metrical about the principal and secondary diagonals, so that it is necessary 
to write down only the first row and central elements of the second row of 
each 


—3Dg+ 150 —15% 15%/%Dg 0 | —13Dq — 30/6 5Dq 
—5Dq-—% — 66 | — 12¢ 

Here a, 6 have been written for a(A +B)/2 and g=12q’. The terms in D can 

be diagonalized™ by means of unitary transformations SS~!, TT with 


h k-—-k —k 


1 0 1 

, —k h —h k oe os “ 0 2 @ 
7% toh ok Uk | page = @) 

—1 0 1 


h—k —k h 
We may denote the matrices S, T by S(N, M,), T(N, M,). The columns are 
numbered by M, having values —3, —1, 1, 3, for Sand —2, 0, 2 for 7. The 


“4 The wave functions Sy, Ty which the transformations S, T introduce are precisely those 
given by Bethe (reference 11, page 166). They diagonalize the cubic and rhombic fields except 
for matrix elements of the rhombic field between different cubic levels. 
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rows are numbered by a new “cubic” quantum number N which may be 
supposed to take on the same set of values as ,. N has no obvious physical 
meaning, but served to identify the roots W, in the cubic field according to 
the scheme 


W_3 = Wo = W3 = 0, W_2 = W_1 = Wi = — 8Dq, W2 = — 18Dq. 
The relations (2) show that the transformation which diagonalizes the terms 


in D will factorize the orbital problem into three quadratics and a singlet. 
These are 





6(o — 8) — (15)1/9(30 + 8) | —8Dq (15) "/2(30 — 8) 
— (15)'/2(30 + 8) — 8Dq (15)'/(30 — 8)  6(¢ +4) 
—8Dqg — 2(15)*/% ~< tie 
— 2(15)*/% — 120 





We denote the roots of these by (r_3, r_1), (71, 73), (r-2, 70) and re, where 
the suffix is a new “rhombic” quantum number taking on the same values as 
N or M,_. This set of roots is, of course, invariant if the coefficients of the 
rhombic field be permuted cyclically, A—B—>— (A+B) but they undergo the 
cyclic permutation r_;—>r_2»—n, 7-3-3, while re is invariant. Let the 
transformation matrices which diagonalize these quadratics for given values 
of D, A and B be 


-3 -1 1 3 —-2 0 2 
— 3 r s 1 t u —72 Pq 2) 1 
| (4) 
—iji-s r 3i—u t Oli—¢ p 





The values of the elements can be calculated for any given values of D, A 
and B. The columns are numbered: by the “cubic” quantum number N and 
the rows by the “rhombic” quantum number Q. We now introduce the spin 
and have to differentiate between Ni, Cr and Co. 


NICKEL 

Mathematical theory 

For nickel S=1, so that 1/s= —1, 0, 1. The secular determinant, of order 
21, breaks up into one of the tenth and one of the eleventh order, involving, 
respectively, even and odd values of 1/=M,+ Ms. This follows since the 
complete Hamiltonian contains only terms of the type AJ/=0, +2, +4. We 
are interested primarily in the root —18Dgq which lies below the others. It 
occurs once (with 1/s;=0) in the eleventh order determinant, and twice 
(Ms = +1) in the tenth order determinant. Transforming the eleventh order 
determinant to the (N, M/s) representation, we require the element 


3¢(2, 0; N’, Ms’) = T(2,0; Mz, 0) 3¢C(Mz, 0; Mz’, Ms’)R-"(Mz', Ms’; N’, Ms’), 


where R stands for S if Ms’= +1, and for T if Ms’ =0. We have included 
the quantum number Ws in T and R as though they were diagonal in Ms. 
They are indeed independent of Ms. In the N, Ms representation the only 
nonvanishing elements of the orbit-spin and magnetic energies are found to be 
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5C(2,0; 1,1) _ 5(2,0; - 1,1) _ 5(2,0;1, _ 1) - — (2,0; i, Si 1) = (2)"/0 
5(2, 0; — 2,0) = 2w. 

We know from (1) that the diagonalization of the orbit-spin terms in- 

volves the solution of cubic equations, so that it is simpler to diagonalize 


rhombic field terms instead. This is accomplished by the matrices (4). The 
relevant matrix elements in the (Q, Ms) system of representation are 


H(2,0; — 3, — 1) = K(2, 0; — 3, 1) = (2)"/"AS, 
(2,0; — 1, — 1) = (2,0; — 1, 1) = (2)"/*az, 
5K(2,0; 1, — 1) = 3C(2, 0; 1, 1) = (2)*/*n, 
5(2, 0; 3, — 1) = 3C(2, 0; 3, 1) = — (2)"/2Xe, 
H(2, 0; — 2,0) = 2wp, 5(2, 0; 0, 0) = — 2wg, 
from which the first approximation to the energy can be found. The tenth 
order determinant is not quite so simple, for the root —18Dgq occurs twice, 
with Ms= +1, the degeneracy not being removed by the rhombic field. Sup- 
pose the Hamiltonian has been transformed to the (Q, Ms) system, i.e., to 


the form 5o+Ao Hi +0 He, where Kp is diagonal and KX, has no diagonal terms. 
Apply the transformation 


(1 + AS)( Ho + AK + wH2)(1 — AS + A2S2? + ---) 


and choose S so as to make the coefficient of \ vanish in this expression. Then 
the Hamiltonian becomes 


KH(n, m) = Ho(n, m) + > Hi(n, i) H(i, m)/hv(n, i) + w5He(n, m) 
+ rw D> [ 5Ci(m, i) Ho(i, m)/hv(n, i) — Ho(n, i) 5i(i, m)/hv(i, m)] 
dae 


There are now terms in )? on the diagonal which remove the degeneracy ” 
and the coefficient of w is altered by a term of order \|D. We can now set up 
the quadratic secular problem connected with the two coincident roots, and 
solve it on the assumption that the magnetic field is small. The two resulting 
values of W,"* together with that obtained from the eleventh order deter- 
minant, are given below. 


— 18Dq + 4A7(a1 + a2) + w2(1 + 8da1)/A*(ag — a3) + 4w*a, 
— 18Dq + 4d*(a1 + a3) — w2(1 + 8ra1)/A*(a2 — a3) + 4%, 
— 18Dq + 4A?(a2 + as) + 4w%a). 


ay = p*/(r2 — r_2) + q?/(r2 — 10), 
a, = r7/(re — ri) + s*/(re — 13), 
a3 = t7/(re — r1) + u?/(re — 713). 


% J. H. Van Vleck, Phys. Rev. 33, 467 (1929). 
16 There are actually first order terms in the magnetic field of order (A*/cubic sepn.)* 


but the contribution of these to the susceptibility is so small that they can be completely neg- 
lected. 


Here 
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If the axes undergo a permutation represented by A—B-—>—(A+B) it is 
readily verified that the roots r undergo a corresponding permutation, and 
a@\—a2—a;3. The susceptibility along the z axis is found from the general for- 
mula 


x = — (N/A) (AW /aH)e-¥ 7 / Yew rr, 
On the assumption that the exponentials can be expanded, this gives 
x1 = (8NB2/3kT)[1 + 8ra1 + 0:/kT + ---] — 8NB%an, (5A) 
where terms in 1/7* and above have been discarded, and 
6; = 2d*(ag + a3 — 2a;)/3. 


The term independent of temperature arises as usual from the term in //? 
in the energy. The other two principal susceptibilities are obtained by per- 
muting the axes cyclically, so that the mean of the three principal suscepti- 
bilities is 

x = (8NB/3kT)[1 + (84/3 — kT)(a1 + a2 + as)], (SB) 


in which there is rigorously no term in 1/77. 
If the crystal field is assumed to have cubic symmetry, the lowest level 
has a first order effect, and the susceptibility is 


x = (8NB2/3kT)(1 — 44/5D) + 4NB2/SD. (5C) 


Comparison with experiment 


In the Hamiltonian the constant \ of the orbit-spin coupling is known, 
while Aa, Ba, Dq are to be determined from the observed susceptibilities. A 
measurement of the mean susceptibility at one temperature will enable us 
to determine the one parameter D if we assume as an approximation that 
Aa and Ba vanish. The assumption of a purely cubic field is a convenient 
approximation in estimating the order of magnitude of D. We shall consider 
later the effect of the rhombic field. 

In Ni the multiplet is inverted; its over-all width is given by |Av|= 
AS(2L+1). By using the value 2347 cm given by Laporte” for Av we obtain 
X= —335 cm~!. The observed value 26.56X10-* of the susceptibility at 
170°K,’ giving x7 =45.15 X10-*, then leads to a value of Dg from Eq. (5) 
equal to 1485 cm, which corresponds to an over-all separation due to the 
cubic field of the order of 3 volts. Thus according to (5) the graph of x7 
against 7 is a straight line which we have chosen to pass through the experi- 
mental point at 170°K, and which cuts the x7 axis at x7 =43.64X10-‘. If 
we had calculated Dg from experimental points at different temperatures, 
slightly different values would have been obtained. In Fig. 2 we have plotted 
the experimental values of x7 obtained by Gorter, de Haas, and van den 
Handel,’ using 7 as abscissa. It is seen that the experimental points, with the 


17 Q. Laporte, Zeits. f. Physik 47, 761 (1928). 
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exception of those at low temperatures, lie fairly close to the theoretical 
curve. The relation proposed by Gorter, de Haas, and van den Handel is 
x(T+3) =const. In Fig. 2 we have also plotted the experimental values of 
A(T+3) as a function of 7; the approximation of this function to a constant 
is seen to be very poor indeed. We conclude that the observations are repre- 
sented much more closely by x7 =const. than by x(7+3) =const. It should 
be remembered that this method of plotting the experimental data, which is 
equivalent to plotting the square of the effective magneton number as a func- 
tion of 7, is a much more severe test than plotting 1/x against 7, as is usually 
done. 
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Fig. 2. The curves in Fig. 2A serve a double purpose. In the first place they show that a 
formula of the type x7 =A+BT demanded by theory for Ni, represents the experimental 
points better than the curve x(7'+3-0) =const. given by Gorter, de Haas and v. d. Handel.’ 
In the second place it is seen that the experimental values of x(7—0-3)=const. fit the theo- 
retical curve for xT exactly. The addition of —0.3 to T isa minor effect and perhaps represents 
the result of exchange forces not envisaged in the crystalline potential we have assumed. The 
one arbitrary parameter in the theory has been chosen to fit the observed magneton number 
at 170°K. The slope of the x7 curve is then uniquely determined and its agreement with ex- 
periment is a good confirmation of the theory. Fig. 2B shows the theoretical principal suscep- 
tibilities x7 of Ni plotted against 7, and the experimental points of Jackson corrected by 
Gorter, de Haas and v. d. Handel,’ which are marked in circles (see text). 


There still remains the deviation of the three low temperature points from 
the theoretical curve. The present calculation takes no account of inter- 
molecular actions, such as exchange effects, which are not describable by an 
electric field of definite symmetry. These effects are known to be capable of 
giving rise to a term A which will however be small on account of the high 
dilution of the salt. This correction will be important at low temperatures. 
If we plot x(7—0.3) against 7, the experimental points are brought to lie 
much more nearly on a straight line. It may be that the term A=0.3° is a 
measure of inter-molecular actions other than the crystal fields here con- 
templated, 





678 R. SCHLAPP AND W. G. PENNEY 


We must now consider the effect of the rhombic field in producing 
asymmetry in the principal susceptibilities. Using Rabi’s' values for 
NiSO.(NH,)2SO,4- 6H2O and equating them to the three expressions obtained 
by permuting cyclically the indices in (5A), we obtain three simultaneous 
equations for a, a2, a3, whose solution is 


a, = — 7.94 XK 10-5, ag = — 8.12 K 10-5, as = — 8.29 X 10-5. 


From these we have to determine the three parameters Dg, Aa and Ba 
which specify the crystal field. To set up and solve the algebraic equations 
connecting these parameters with the a’s would be very lengthy, so we have 
to recourse to the method of trial and error. Thus we find that a crystal field 
having the Hamiltonian 


1260(a4 + yt + 24) + 176(x? + 2y? — 32?) 
gives 


a, = — 7.96 X 10-5, ag = — 8.13 K 10°, as = — 8.24 X 10°. 


Better agreement could be obtained by using a slightly larger value of the 
constant of the rhombic field and by changing the ratios of the coefficients 
of the rhombic field, but it is not, perhaps, worth while pursuing numerical 
accuracy when the experimental precision is not very high. It is instructive, 
particularly for comparison with cobalt, to observe how little dissymmetry 
is produced by a comparatively large rhombic term. Thus the field given 
above produces an over-all separation of the cubic level Ty amounting to 
about one-half the interval separating this cubic level from the level ';. The 
separation produced in the level I’; has an over-all width of 1.5 cm~! so that 
the individual values of A for the three axes are almost negligible, and the ex- 
pansions of the exponentials which we have used is legitimate even at liquid 
hydrogen temperatures. At extremely low temperatures A is relatively im- 
portant and it is this fact that accounts for the different behavior of the 
principal x7 for small values of 7, shown in Fig. 2B. 

Gorter, de Haas and v. d. Handel’ have given values of the principal 
susceptibilities of Ni(SO,)-7H.O using their own values of the mean suscep- 
tibility together with the differences in the principal susceptibilities found by 
Jackson.* The exactitude of these values is open to question, but to illustrate 
how they check with the theory we have plotted the experimental values 
(shown by circles) and the theoretical curves using for the constants of the 
crystal field those values found for Ni(SOx)2(NH4)2:6H:O. The agreement is 
very good, considering the sensitivity of the method of plotting the results, 
and the experimental results confirm the existence of a 1/7? term for the 
individual axes although there is none in the mean. The values found by Rabi® 
on the ammonium salt are marked by squares. Since, as far as we can tell, 
the constants of the crystal field acting on the Ni ion are exactly equal in the 
two salts, it seems likely that the ions surrounding the Ni ions are the same 
and in the same relative positions in the two salts. 
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CHROMIUM 


Chrome alum, whose susceptibility at temperatures down to that of liquid 
helium has been measured by de Haas and Gorter,’ forms cubic crystals, so 
that no differences in the principal susceptibilities are to be expected.'* It 
will be sufficient to suppose the crystal field to have cubic symmetry. Van 
Vleck" has shown that for Cr, whose ground state is *F, the matrix elements 
of >>: (x4 +y4+2) have the same sign as those of (x*+ y+ s*) calculated 
for a single electron system; that is the coefficient g is positive. The root 
—18Dgq (T2) is accordingly lowest. The secular problem inclusive of spin is of 
order 28; but on account of the selection rule AM=0, +2, +4, obeyed by 
the Hamiltonian (A1J/=0, +4 if the rhombic field is absent) the secular de- 
terminant breaks up into the product of two, which are identical except as 
regards the sign of the terms in H/. This is, of course, an example of the 
Kramers degeneracy.'® Reference to the diagram in Bethe'! shows that the 
orbit-spin interaction is incapable of removing the degeneracy of [2 in any 
approximation, so that we need consider only the terms in /7, which give 
rise to first and second order Zeeman effects. Fixing our attention on one of 
the two secular determinants of order 14, we observe first of all that the root 
I, occurs twice (V=2, with Ms=—}, $, say). In passing from the original 
Mrz, Ms representation to that in which the cubic field is diagonal, the spin 
terms 2s will of course remain on the diagonal, so that the two occurrences 
of the root T, have first order moments 3w and —w from this determinant 
and —3w and w from the other. If this were all, the magneton number would 
have the “spin only” value (15)'/*, verifying that the spin is free. But we 
have still to consider the off-diagonal terms involving w, which represent the 
contribution of the orbit, and which are diagonal in V/s. We readily find for 
the elements satisfying this condition 


H(2, — 33 — 2, — 3) = —At 
H(2, 3/2; — 2, 3/2) = 3d + 2w 

which gives for the levels in the presence of the field 
~w(1 — 24/5Dq) — 2w?/5Dgq, 

+ 3w(1 — 24/5Dq) — 2w?/5Dq. 


Disregarding the high-frequency term for the moment, we obtain for the 
susceptibility 


x = (15NB2/3kT)(1 — 2d/5Dq)?. 


18 The chrome alum KCr(SeO,)2- 12H2O, which forms cubic crystals has in its absorption 
spectrum a narrow doublet whose separation is roughly 4 cm™ (cf. K. Schnetzler, Ann. d. 
Physik 10, 373 (1931)). If this doublet is due to the doubling of the basic level T';, the Hamil- 
tonian must contain non-cubic terms, besides the predominant cubic terms. This follows since 
the orbit-spin coupling does not decompose [2. If this is so, this alum should exhibit slight 
asymmetry in its principal susceptibilities. 

19H. A. Kramers, Proc. Amst. Acad. 33, 959 (1930). 
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Here X is positive, so that the magneton number should be less than the 
“spin-only” value, which is actually found to be the case. From the value 
912 cm~! given by Laporte” for the over-all separation of the ‘F multiplet 
in chromium, we deduce \ = 87 cm~! and taking de Haas and Gorter’s® value 
19.02 for the Weiss magneton number of Cr, we obtain Dg = 3730 cm—'. This 
justifies our neglect of the high-frequency term, which is proportional to 
\/D. The experimental results do not show any trace of high-frequency ef- 
fects. It is not possible to place much reliance on the above estimate of the 
magnitude of the separation due to the cubic field, since a small change in 
the experimental magneton number would produce a very considerable 
change in the calculated value of Dg. It need scarcely be pointed out that for 
Cr, as for Ni, the introduction of even a large rhombic field will not appre- 
ciably affect the isotropy of the susceptibility. As yet, however, no measure- 
ments have been made on the principal susceptibilities of Cr salts. 


COBALT 
Mathematical theory 


It may be stated here that our calculations on Co are not as complete as 
those on Niand Cr, but the difficulties are only in the numerical computation. 
There seems to be no doubt, however, that good agreement with experiment 
could be obtained by a more exhaustive trial-and-error procedure. The 
ground state of cobalt is ‘F, and the secular determinant is of order 28. On 
account of the Kramer’s degeneracy, it breaks up into two determinants of 
order 14, identical except for the sign of the terms in the magnetic field. The 
orbital part of the problem is the same as for nickel, where the ground state 
was also an F state, so that in a cubic field the roots are 0, —8Dg, —18Dgq. 
On account of the inversion discussed above, the level 0 (denoted I’, above) 
is now lowest, and occurs six times in each secular determinant of order 14, 
namely, with N= —3, 0, 3 and Ms=%, 3} or —$, —}3. The portion of the 
determinant involving these roots, which coincide in the absence of a rhombic 
field and orbit-spin coupling, is 


6B — 3lw — 3m + 3w/2 0 0 n 0 
— 3m + 3w/2 6A — 3lw 0 0 —n 0 
0 0 6B+ lo m+ 3w/2 2m n 6) 
0 0 m+ 3w/2 6A+ lw 2m —n 
n —n 2m 2m 6C — w 0 
0 0 n —n 0 6C + 3w 


Here /=1+15A/32D, m=3X/4, n =3(3)'/*X/4. Interaction between the levels 
0,—8Dq, —18Dq has been taken account of with sufficient accuracy by the 
diagonal terms in wA/D. This amounts to discarding the high-frequency part 
of the susceptibility; if we do this we may restrict ourselves to this sixth order 
determinant in calculating the levels. As the sextic secular equation is not 
soluble when the rhombic field is comparable with the orbit-spin coupling, 
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we must assume that the former is much smaller than the latter or vice-versa. 
Our calculations indicate that the two influences are in fact of comparable 
magnitude, which makes close numerical agreement difficult to obtain with- 
out more elaborate computations. Here we deal with the two extreme cases 
only. 


Orbit-spin greater than rhombic field 


Consider first the case where the orbit-spin coupling is greater than the 
rhombic field. The orbit-spin interaction alone is capable of partially remov- 
ing the degeneracy in (6). When we do not restrict ourselves to interactions 
within the sextet the degeneracy which survives the cubic field and the orbit- 
spin interaction is given by the resolution I'yD3.2=I's+TI7+2IPs, ie., two 
singlets and a quadratic occurring twice. When we restrict ourselves to inter- 
actions within the sextet the degeneracy must at least be as great as this, 
which ensures that the sextet will have simple roots when ¢@, 6, w all vanish. 
These are readily found to be 15/4, 3A/2 (twice), —9A/4 (three times), 
and the corresponding form of the sextet, with these roots on the diagonal, 
can easily be written down. The energy levels in the presence of the magnetic 
field have now to be found on the assumption that the rhombic field is small 
compared with the orbit-spin interaction. In cobalt \= —180 cm! so that 
the triply degenerate level —9\/4 will have such a small Boltzmann factor 
that its contribution to the susceptibility may be neglected even at room 
temperatures; this level does not affect the moment of the level 15\/4, and 
in calculating its influence on the moment of the levels 3A/2, which is rela- 
tively less important in any case, we may suppose it to remain undecom- 
posed by the rhombic field. But in obtaining the moments of the two levels 
3/2, it is necessary to allow the rhombic field to remove this degeneracy. 
We have calculated the level 15\/4 correct to a third order approximation 
and the two levels 3\/2 to a second order approximation.”® The calculation 
is straightforward but too elaborate to be given here. To illustrate the type 
of result obtained, we give the energy levels in the presence of the magnetic 
field only for the lowest level, correct to a second order perturbation calcu- 
lation. For brevity the third order terms have been omitted. We find 


W = 15\/4 — (13/6 + 5d/8D) 
+ [(360 — 35w — 165dw/16D)? + 43259]/405 + -- -. 


The expressions for the other levels are of the same type. 

At sufficiently low temperatures the square of the effective Bohr mag- 
neton number 2,*=3xkT/ NB? is given by three times the square of the co- 
efficient of the term in 7. Hence, if we extrapolate the experimental values 
of xT to T=0, we obtain three equations which theoretically enable us to 
determine o, 6 and D. The values obtained in this way are however so sensi- 
tive to variations in x7 at 7 =0 within the range of possible error that it is 


20 The details of the inclusion of the third order terms in the perturbation problem will 
be considered by Mr. Jordahl in his paper on Cu. 
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preferable to proceed differently. The argument of Van Vleck‘ shows that if 
the cubic field acting on the metallic ion be the same in nickel ammonium 
sulphate as in cobalt ammonium sulphate the constant Dg has the same value 
numerically. We accordingly assume Dg = — 1200 cm~, thereby giving up the 
possibility of obtaining values of o and 6 for arbitrarily given values of (x7); 
instead we assume values for o and 6 and calculate the susceptibilities at 
various temperatures. The values which have been chosen for illustration are 
o = 6=20, corresponding to a term 40(x?—2z?*) in the Hamiltonian, which gives 
roughly the right degree of asymmetry. It is of course possible to choose 
different values for the individual coefficients of x’, y®, 2?, but the computa- 
tions are laborious and do not give any new information. Two points deserve 
mention. In the first place, a much smaller rhombic field is required in cobalt 
salts to produce the observed asymmetry than is needed for nickel salts de- 
spite the much greater isotropy of the latter. In the second place the calcu- 
lated mean susceptibility for the three orientations is consistently greater 
than that observed. Fig. 3A shows the calculated values of mz” =3k7Ty/NG 
_ plotted against 7 for the three magnetic axes of Co(NH,4)2(SO4)2-6H2O. The 
trend of these curves may readily be understood in a qualitative way. At low 
temperatures the only level contributing to the susceptibility is the lowest. 
Since this has both a first and a second order Zeeman effect x7 =a+06T7,a and 
b being constants. At higher temperatures the two states 3\/2 begin to con- 
tribute to the susceptibility, but this is counteracted by the depopulation 
of the lowest level; these higher levels have smaller Zeeman effects than the 
levels 15/4 so that the curve of x7 against 7 rises less steeply and tends to 
an almost constant value. At still higher temperatures the three levels 
— 9/4 would also contribute to the susceptibility but these temperatures are 
not reached experimentally. 

The value of ,* is plotted also for the case where there is no rhombic 
field and this curve is shown dotted in Fig. 3A. It should be noticed that 
the effect of the rhombic field is to produce asymmetry and also to lower 
the mean value of the three principal susceptibilities.2 Unfortunately, it is 
not within the limits of the present approximation to make the rhombic field 
sufficiently large to give agreement with experiment, as then the convergence 
would be poor. It is very reasonable, however, to suppose that a larger 


21 Let us imagine the magnitude of the rhombic field is varied from a very large value 
down to zero. The behavior of the three principal susceptibilities is as follows. Orientation (3) 
starts at the “spin only” value, decreases and then starts to increase again, finally ending on 
the curve for zero rhombic field shown in Fig. 3A. Orientation (2) starts slightly above the 
“spin only” value due to the introduction by the orbit spin coupling of small diagonal elements 
in the orbital angular momentum, representing the contribution of the higher cubic levels, 
and then decreases at low temperatures but increases at higher temperatures, ending finally 
with (3). Orientation (1) is rather complicated. It starts with (2) but the susceptibility in- 
creases rapidly with decreasing rhombic field, and develops a hump at low temperatures. This 
is because for this orientation the lowest level has a large first order Zeeman effect. The sus- 
ceptibility then begins to fall again, passing through a representative curve shown in Fig. 3B. 
The hump fades out, the susceptibility decreasing at low and increasing at high temperatures, 
finally ending with (2) and (3). 
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rhombic field would give good agreement with experiment, except possibly 
at low temperatures. Since the only measurements at low temperatures are 
those of Jackson,® made as long ago as 1922, and which at other tempera- 
tures are known to be greatly in error, this discrepancy is not worth consider- 
ing. When better experimental data are available another effort will be made 
to obtain a better solution of this troublesome sextet. 
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Fig. 3. The heavy lines in Figs. 3 show the calculated values of ng* for Co (NH4)2(SO,)2 
-6H,O for the two rhombic fields (3A) 40(x?—2*) (3B) 200(x*?—2*), while for comparison, the 
experimental points obtained by different observers are given. The numbers on the curves 
denote the axes to which the curves refer. The dotted lines in Fig. 3A is for zero rhombic field; 
the horizontal straight lines in Fig. 3B are for extremely large rhombic fields. It is reasonatle 
to suppose that a rhombic field intermediate to the values we have taken would give agree- 
ment with experiment. It is significant that the results of Bartlett* along axis (1) do actually 
seem to be falling with increasing 7, as would be the case for an intermediate field. The agree- 
ment at low temperatures is not good but the experimental values are those of Jackson® and 
may easily be in error. 
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Rhombic field greater than orbit-spin 


In the hope that a perturbation calculation from the other limiting case 
would be more effective, calculations were also made from this end. Here the 
orbit spin is subsidiary to the rhombic field. The rhombic field can be seen 
to decompose the sextuply degenerate level into three doubly degenerate 
ones, with separations proportional to the coefficients of the rhombic field. 
The orbit-spin interaction does not remove the remaining degeneracy in the 
first approximation, but only in the second. Expressions for the energy levels 
and their first and second order Zeeman effects can be written down, and 
the susceptibility calculated for given values of the constants D, A, B, C 
of the crystal field, such that the rhombic field alone produces a separation 
which is small compared with that due to the orbit-spin alone. In the ab- 
sence of the spin the energy levels are 6Aa, 6Ba, —6a(A +B). We suppose 
that —6a(A+B) lies below 6Aa and 6Ba and calculate the Zeeman effects 
of the two lowest roots correct to a third approximation, retaining terms in 
the magnetic field up to //?, in the usual way. The Zeeman effects are differ- 
ent according as the magnetic field acts along the x, y, or z axes. The exact 
expressions are long, but for illustration we give the two lowest roots, when 
the magnetic field acts along the x, y and z axes, correct only up to a second 
order perturbation calculation. For brevity the third order terms have been 
omitted. 


W(x) = We — wy[1 + (ae + 28)0] + 20,2099/3d2, 
Ws(y) = Ws — w_[1 F (2a + B)O] + 2w_28793/3d2, | 
W.(2) = Wi + o[1 + (a — B)0] + 208 (a + pe 


where 


Ws 
6 


— 6a(A + B) + 45d7(8 — a)/16 + 9070/4, 
(a? + 6B? + a8), w, = w(1 + 9A/128D + 9X8 /4), 
w(1 + 9/128D — 9/4). 


Ww 


We have written a=1/6a(B—C) and 8, y for the cyclic permutations. From 
these expressions the principal susceptibilities may be calculated. For illus- 
tration, a rhombic field represented by 200(x*—<*) in the Hamiltonian has 
been taken. The result is shown by the curves in Fig. 3B. It is readily verified 
that the curves correspond with those in Fig. 3A as shown by the numbering. 
The values of ”,? for a very large rhombic field are also shown by the hori- 
zontal straight lines. These are only limiting curves, however, since we have 
assumed the cubic field to predominate and therefore we cannot make the 
rhombic field as large as we please. 

We have now calculated the susceptibilities (7) for a rhombic field 
40(x?—3s*) (ii) for a rhombic field 200(x?—2z?), inclusive of orbit-spin coupling 
in both cases. The latter alone produces an over-all splitting of the level 
I’, of the cubic field amounting to roughly 1000 cm~, while the separations 
produced by fields (z) and (zz) are respectively 480 cm= and 2400 cm~. The 
principal susceptibilities calculated on the basis of field (7) show roughly the 
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right degree of asymmetry, but are too high. Interpolating between (7) and 
(ii), it seems that a rhombic field of magnitude intermediate between (7) 
and (iz), but much nearer (7), will give good agreement with experimental 
values, except possibly at low temperatures, where however, the experi- 
mental values are in considerable doubt. Neither of the two methods of ap- 
proximation used above are applicable in this intermediate region and the 
calculation would consist in the numerical solution of the original sextic secu- 
lar equation. 

It is interesting to notice that there would have been no gain in generality 
if we had added to the Hamiltonian terms representing a field of tetragonal 
symmetry or terms of rhombic symmetry of higher degree, provided the field 
of cubic symmetry always predominates. In order to see this we need only 
observe that in the orbital problem the lowest level Ty of the cubic field is 
split by the rhombic field into the three levels Ge, G3, Gs, no two of which 
belong to the same representation of the rhombic group. Consequently it is 
not possibly to change the moments of these levels by changing the type of 
rhombic field nor can this be accomplished even by the superposition of a 
tetragonal field, since this is only a particular form of rhombic field. Because 
the moments are fixed, the susceptibility can be changed only through the 
relative position of the energy levels and as there are three levels, it needs 
only two parameters to specify them. The two parameters A and B are cap- 
able of doing this. 


CONCLUSION 


In the present paper no account has been taken of the variation with 
temperature of the constants of the crystal field. The very small changes in 
interatomic distances caused by thermal expansion may possibly affect these 
constants quite appreciably because the force between ions in a crystal is 
known to vary very rapidly with the distance. We have moreover assumed 
that the principal axes of the various types of crystalline fields all coincide. 
Perhaps a better approximation to the actual state of affairs would be to 
assume fields of different symmetry, whose principal axes were inclined to 
each other, the relative orientations depending on temperature in some com- 
plicated way. There would then arise the possibility of an explanation of the 
results of Bartlett,* who finds that the orientation of the principal suscepti- 
bilities relative to the crystallographic axes depend on temperature, the total 
variation being of the order of 5 degrees in a range of temperature 100°C. 

From the considerations developed in this and the preceding paper, it 
should be evident that it is only rarely that the constant A of the experi- 
menters has any theoretical interpretation. In order that it may have, it is 
necessary that the expansion x = C/7—CA/7°+ - - - , should converge very 
rapidly. This condition may be expressed in another form, that the Stark 
separations of the levels contributing to the susceptibility should be small 
compared with kT. This is not satisfied in the rare earths nor with Co but 
our calculations have shown that it is satisfied with Ni and Cr. That the 
susceptibility of the rare earths can be represented by the Curie-Weiss law 
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is merely fortuitous. Even here the value of A obtained depends on the tem- 
perature at which the measurements are made and in this sense A has no 
theoretical significance. 

One of the most surprising facts revealed by our calculations of the sus- 
ceptibilities in crystals is that a field of cubic symmetry should be capable 
of allowing such excellent agreement to be obtained with experiment. At first 
sight there seems to be no reason whatever for the field to possess cubic, or 
even nearly cubic, symmetry. In the case of Ni it was definitely established 
that a field predominantly rhombic and of the form Ax?+By?—(A+B)z’, 
was incapable of giving the observed principal susceptibilities. The next as- 
sumption is naturally a field of cubic symmetry together with a much smaller 
rhombic term, an assumption which has proved completely successful with 
Ni, Cr and Co. For the rare earths, where measurements of the principal 
susceptibilities are lacking, and only the variation with temperature of the 
mean susceptibility has been observed, good agreement with experiment is 
obtained on the assumption of a cubic field alone. Without understanding 
why complicated crystals should have such simple crystalline fields, it must 
at least be conceded that the evidence in favor of a predominant field of cubic 
symmetry is strong. Whether or not there are other types of field which will 
give equally as good agreement with experiment remains to be seen. 

In our calculations of paramagnetic susceptibilities, both of the rare 
earths and of the elements of the iron group, the sign of D in Eq. (3) has 
been consistently positive. In a Letter to the Editor” Gorter finds that this 
choice of the sign of D agrees with there being water molecules (or else oxygen 
ions) arranged at the corners of an octahedron around the paramagnetic ion. 

The writers wish to place on record their thanks to Professor J. H. Van 
Vleck, to whose constructive and stimulating criticisms the present work 
owes a great deal. 


* C J Gorter, Phys. Rev. 42, 437 (1932). 
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Diamagnetism of Water at Different Temperatures 


By A. P. WILLs AND G. F. BoEKER 
Department of Physics, Columbia University 


(Received October 10, 1932) 


Attention is called to the discordant results found by different observers for 
the diamagnetism of water at different temperatures. A new and very sensitive de- 
vice called a manometric balance is described. The device was designed for the pur- 
pose of investigating the variation of the specific susceptibility of water with varying 
temperature. Experiments with water which had just been boiled in order to get rid 
of dissolved air indicated less diamagnetism at temperatures higher than 23.5°C; and 
experiments upon water which was boiled and left standing for several days in con- 
tact with helium gas indicated greater diamagnetism at temperatures higher than 
23.5°C; the change in the specific susceptiblity was less than one percent in each case. 


HE subject of the present communication has already received consider- 

able attention from various experimentalists. The results obtained by 
different investigators,' using different methods, are not in agreement; in 
fact, the variations found for the specific susceptibility of water do not always 
agree as regards sign; for example, Piccard, using a modified Quincke method, 
found that the diamagnetism of water is greater at higher temperatures, 
while Cabrera and Duperier, using a torsion method, found it to be less. The 
magnitudes of the variations found were in all cases less than 3 percent of the 
specific susceptibility (susceptibility per unit mass) of water at 20°C, which 
from previous absolute measurements is known to have a numerical value of 
—0.72X10-*, approximately, in c.g.s. units. 

At a recent meeting? of the French Academy a summary of the results 
obtained by the various investigators referred to above was presented in the 
form of a diagram. This diagram on a somewhat different scale is reproduced 
in Fig. 1, a curve representing the results of Mathur, obtained in 1931, being 
added. The lack of agreement in the results obtained by these investigators 
for the diamagnetism of water at different temperatures is very remarkable, 
and the reasons therefore seem very obscure. 

The purpose of the present paper is to describe a new method for the in- 
vestigation of the phenomena in question, and to present the results of some 
preliminary experiments which may serve to throw some light upon the 
anomalous results previously obtained. 

The device which we employ is called a manometric balance and operates 
on the principle of balancing the actions of two magnetic fields, one acting 
upon water at some specified temperature and the other upon water at a 


1 Du Bois, Wied. Ann. 95, 167 (1888); Jager and Meyer, Wied. Ann. 67, 427, 707 (1899); 
Piaggesi, Phys. Zeits. 4, 347 (1905); Piccard, C. R. 155, 1497 (1912); Marke, Bull. Acad. 
Danemark p. 395 (1916); Cabrera and Duperier, Jour. d. Physique et le Radium 6, 121 (1925); 
Mathur, Ind. Jour. Phys. 15, part 3, 207 (1931). 

2 See Comptes Rendus 191, 589 (1930). 
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standard temperature. The theory of the balance will be given after the ap- 
paratus itself has been described. 


THE MANOMETRIC BALANCE 


In Fig. 2 the letter 1 designates one of the two coaxial cores of an electro- 
magnet, each core being about 10 cm in diameter, and ,, M2 designate two 
of four equal pole-tips in the forms of truncated cones, cemented on M; the 
smaller circular faces of these pole-tips were about 1.5 cm in diameter. The 
second core M’ (not shown in the figure) is also provided with two pole tips 
M,', M;,’ (not shown in the figure) facing 14, M2; the gaps between M,, M,’ 
and M2, M,’ were approximately 1 cm in length. 
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Fig. 1. Summary of results obtained for x:/x20. 


The manometric balance itself is made of Pyrex glass throughout, and 
consists of two branches, a left branch and a right branch. Its essential fea- 
tures are represented in Fig. 2 with designations whose significance is given 
in the legend below the figure. 

The procedure of filling and adjusting the balance is as follows. After 
mercury has been introduced to the same level in the bulbs -;, Ee, the stop- 
cock connecting these bulbs is closed, and liquids are then admitted to the 
two branches through the filling-funnels A1, As. After the liquids have reached 
the tubes ¢,, 42 at the bottom, the 3-way stopcocks B,, Bz are so set as to con- 
nect each branch with a corresponding mercury cup which, by a vertical ad- 
justing screw Ci, or C2, can be raised or lowered so as to bring the correspond- 
ing meniscus m, Or m2, to approximately the desired position in the meniscus 
tube #;, or 42, between the pole-tips M@,, M,’, or M2, M2’. The stopcocks B,, Bz 
are then closed and further adjustments of the menisci m, m2 are made by 
varying the currents through the resistance coils designated in the figure as 
coil 1 and coil 2, whereby expansion or contraction of the portions of the liq- 
uid columns which they enclose is produced. 
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The liquid used in the right branch was water at the standard temperature 
To, (23.5°C), and in the left branch water at some temperature 7, or a calibrat- 
ing solution of nickel chloride at the standard temperature. 

The positions of the menisci with respect to their respective pole-tips are 
determined by two telescopes (not shown in the figure) provided with mi- 
crometer eyepieces. 

The right branch of the balance is connected with a funnel F through 
which water containing suspended particles of anise oil can be admitted 
when desired, the motion of which in the capillary tube designated Cap 






































Fig. 2. Manometric balance. 


A,, Ax—Filling funnels H —Helium container 

B,, B:—3-way stopcocks Hg —Mercury 

C1, C2—Adjusting screws i, Jz —Inlets for water jackets 
Cap —Capillary tube Ji, Jz —Water jackets 

Cell —Canada balsam container M —Core of electromagnet 
Coil 1 —Resistance coil M,, M:—Pole tips of electromagnet 
Coil 2 —Resistance coil m,, m2, —Menisci of liquids 

D,, D.—Auxiliary tubes O;, O. —Outlets for water jackets 
E,, E:x—Equilibration bulbs ti, tg —Menisci tubes 

F —Inlet funnel T,, T: —Thermometers 


could be observed through the microscope designated Mic. The device desig- 
nated Cell through which the capillary tube passes is essentially a tube of 
brass provided with glass ends and filled with Canada balsam. 

The letter J; designates a jacket enclosing the meniscus tube ¢,, provided 
with an inlet tube J, and an outlet tube O,, through which liquid at any de- 
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sired temperature can be passed for the purpose of regulating the temperature 
of the water or other liquid in the meniscus tube ¢,. The letters Jo, J2, Op have 
a similar significance with respect to the meniscus tube f). The letters 71, 72 
designate thermometers which serve to indicate the temperatures of the liq- 
uids in the menisci tubes h, fe. 

The manometer is mounted on a slate frame which is supported in a ver- 
tical plane perpendicular to the axis of the magnet by a suitable cast-iron 
structure, the latter being bolted to the cement base upon which the magnet 
rests. 

The method of operation of the balance is exemplified by the procedure 
followed when pure water is under experimentation. While the temperatures 
of the water in the menisci tubes 4, 2 are maintained at the standard tempera- 
ture 7, the positions of the menisci m, m2 are varied until a balance is ob- 
tained as estimated by the lack of motion, upon throwing on and off the 
magnetic fields, of the suspended particles in the capillary tube, observed 
through the microscope Mic. The two magnetic fields acting upon the menisci 
m,, M2 are then the same, Ho, say. These positions of the menisci are called 
their zero-positions. Upon changing the temperature of the water in the 
meniscus tube #,, the balance is destroyed; a new balance is obtained upon 
moving the meniscus m, (by varying the currents through coil 1 and coil 2) 
through a distance D, say, into a slightly stronger or weaker field //, say, as 
required. During this procedure the meniscus m, is kept in its fixed zero- 
position. The distance D through which the meniscus me is moved in order 
to effect a balance is measured by the micrometer telescope focussed upon it. 

The field H relative to H) is derived from a calibration curve, obtained by 
substituting for the water in the left-branch dilute solutions of nickel chloride 
at the temperature 7) and of different known concentrations.* 


SENSITIVITY OF BALANCE 


In calculating the sensitivity of the balance, we suppose that the water 
columns in the menisci tubes have the same cross sections, a; that the mer- 
cury columns in the bulbs £,, E2, have the same cross sections b; and that the 
water column in the capillary tube Cap has a cross section c. Furthermore, we 
suppose that the menisci tubes are each inclined downwards at an angle 6 
to a horizontal plane. 

Assuming an initial state of equilibrium, if we let AJ denote the apparent 
dirvlacement, observed in the microscope Mic, of a suspended particle in the 
capillary tube Cap due to a difference of pressure Ap on the menisci m, me, 
then the sensitivity S, say, of the balance will be proportional to A//Ap. A 
simple calculation shows that: 


a a a a —t 
S=— “| pan pel = + sin ) | M, (1) 
g ¢ b b 


3 The method does not require a knowledge of the absolute values of H and H); in our 
experiments these values were probably in the neighborhood of 18,000 c.g.s. units. 


























DIAMAGNETISM OF WATER 691 


where a is the factor of proportionality, g the acceleration due to gravity, 
Pm, Pw the densities of mercury and water, respectively, and M the magnifying 
power of the microscope. It can also easily be shown that the condition for 
stable equilibrium is: 

sin @ < (a/b)(pm/pw — 1). 


For the specia! case in which the menisci tubes are horizontal we have sin 
6=0, and hence: 
S = a(b/c)(om — pw) M. (2) 


For the balance used in our experiments: 6=0, and a=0.070, b=34.0, 
c=0.0064, M=400, pn=13, p.=1, approximately, in c.g.s. units. The pro- 
portionality factor a could be determined without great trouble if desired. 

The sensitivity of the balance used by us is such that changes in the sus- 
ceptibility of water as small as one ten-thousandth part can easily be de- 
tected. 

We estimate, with the aid of Eq. (2), that the sensitivity of our balance 
could easily be increased one thousand times but, owing to vibrational dis- 
turbances, this would not be feasible. 


THEORY OF THE METHOD 


Let x, ko designate volume susceptibilities of water at the temperatures 7, 
To. When balance obtains: 


LH? = 4xoH?. 


If x, xo denote specific susceptibilities and p, po densities of water at the tem- 
peratures 7, 7), then k=px and k)=poxo; and hence: 


x/Xoe - (p0/p)(H?/ Ho?) . (3) 


We now recall that H» represents strength of the magnetic field at the menis- 
cus m, in its zero-position, while H represents the strength of the magnetic 
field acting on the meniscus mz: when it has been displaced from its zero- 
position by the amount D, say, necessary to obtain the balance. When the 
quantity po/l?/H,? as a function of D is known, formula (3) can be used to 
calculate the ratio x/xo, the density p being taken from a table for water. A 
calibration curve giving this quantity as a function of D is obtained as 
follows :-— 

A water solution of nickel chloride is prepared which is neutral at the 
standard temperature 7 (23.5°C). From this neutral solution several di- 
amagnetic solutions are made, each of which is prepared by adding to a mass 
m of the neutral solution a mass yu of water, so that the total mass of the di- 
amagnetic solution is m+uy. If x, denote the specific susceptibility of such a 
diamagnetic solution at the standard temperature 7) and xo that of pure 
water, then by Wiedemann’s law: 


(m + u)Xn = BXo- 


Xn/xo = 1/(1 + 6), where: 6 = m/z. 


Hence: 
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If such a diamagnetic solution be introduced in the left branch of the bal- 
ance with its meniscus m, in the field Hp, and if the right branch contain water 
with its meniscus mz, in a field H7 which is such as to give a balance when the 
two liquids are at the standard temperature 7%, then it is evident from Eq. 
(3) that: 

Xn/x0 = (p0/ps)(H?/Ho’), (5) 


where p; denotes the density of the diamagnetic solution at the standard 
temperature 7». Hence from Eqs. (4) and (5): 


poll? _ ps 
H,? 1+ 6 





(6) 


Now, supposing the values of 6 and p; to be known, if D denote the necessary 
displacement of the meniscus m: from its zero-position in order to obtain a 
balance, and if the values of D for several diamagnetic nickel-chloride solu- 
tions are known by experiment, a calibration curve can be constructed with 
the quantity po/7?/H),? plotted against D. 

From the calibration curve the values of the quantity po/7/H >? can be 
taken for use in Eq. (1), after the value of D has been found for the case in 
which water at temperature TJ is balanced against water at the standard tem- 
perature 7». 


CALIBRATION OF THE BALANCE 


The data used in the construction of a typical calibration curve are given 
in Table I. The quantity 6 represents the ratio of a mass m of neutral solution 
to the mass of water uw added to it in forming the diamagnetic solutions num- 
bered 1, 2, - - - 6; ps represents the density of a diamagnetic solution at the 
standard temperature 7) (23.5°C); and D represents the displacement of the 
meniscus m2 from its zero-position, expressed in terms of head divisions of 
the micrometer telescope focussed upon it, in order to produce a balance of a 
diamagnetic solution against water at the standard temperature 7». 











TABLE I. 
Solution number 5 ps D ps/(1+8) 
1 0 0.99742 0 0.99742 
2 0.003749 0.99750 65 0.99377 
3 0.007516 0.99758 119 0.99014 
+ 0.011241 0.99767 175 0.98658 
5 0.014999 0.99775 236 0.98301 
6 0.018767 0.99783 316 0.97945 
7 0.026858 0.99800 413 0.97190 
8 0.031305 0.99806 484 0.96776 








A calibration curve constructed with the aid of these data is shown in 
Fig. 3. It is the one used in the construction of curve 2 shown in Fig. 4. 


RESULTS 


In Fig. 4 there are shown two curves, one labelled curve 1 and the other 
curve 2. In the case of each curve the ratio of the specific susceptibility of 
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water at temperature 7 to that at 20°C, is plotted against the temperature, 
the temperature 20°C being chosen instead of 23.5°C as the standard tem- 
perature in order to facilitate comparisons with the curves of Fig. 1. 

The figures associated with the observation points on each curve indicate 
the corresponding observation times reckoned in minutes from the time at 
which the zero adjustment of the manometric balance was made. The sig- 
nificance of these annotations will presently become apparent. 


H* 
ar 


1.000 


-380 


-970 
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Fig. 3. Calibration curve. 


The two curves have certain characteristic features in common, notably 
the correspondence of maxima and minima points. They differ essentially, 
however, in that curve 1 indicates that at higher temperatures the diamag- 
netism of water is /ess than at our standard temperature 23.5°C, while curve 
2 indicates that it is greater. Each curve was satisfactorily checked by an in- 
dependent run under corresponding conditions. 

The results represented by curve 1 might be cited in support of those 
found by Cabrera and Duperier (1925), while the results represented by curve 
2 might be cited in support of those found by Piccard and Johner (1930); 
in fact, for temperatures up to 40°C the agreement of curve 2 with the corre- 
sponding curve of Piccard and Johner (see Fig. 1) is rather good. 

Since the sensitivity of the manometric balance is such as to permit easy 
detection of changes in relative susceptibility of the order 10~‘, the differ- 
ences between curve 1 and curve 2 must be looked for elsewhere than in the 
errors of observation. 
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Various experiments led us finally to the conclusion that these differences 
have their origin in differences in the procedures followed in preparing the 
samples of water used in the two sets of experiments. 

The water used in both sets of experiments was distilled in the apparatus 
of the Department of Chemistry, Columbia University. That used in the first 
set was afterwards boiled vigorously for about 15 minutes in a Pyrex con- 
tainer just before the experiments whose results are represented by curve 1 
were begun. The water used in the second set of experiments was similarly 
prepared, except that after boiling it was sealed in its container after the air 
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Fig. 4. 


therein had been displaced by helium gas and then left to stand for 3 days 
before using. Throughout each set of experiments the water was kept in con- 
tact with helium gas with no air present. 

The calibration curve used in the construction of curve 1 was obtairied 
by balancing diamagnetic nickel chloride solutions which had stood for sev- 
eral days in contact with helium gas against recently boiled water at the 
standard temperature 23.5°C, and the calibration curve used in the construc- 
tion of curve 2 was obtained in the same way, except that the water used had 
stood for several days in contact with helium gas. 

We are now of the opinion that curve 2 approximates fairly closely a true 
equilibrium curve, but further rather lengthy experiments will have to be 
carried out before this opinion can be fully substantiated. 

The observations upon which curve 2 was constructed are recorded in the 
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first three columns of Table II, captioned respectively 7, H7-D, and T-E; 
the first column contains the values of the temperatures at which the observa- 
tions were made expressed on the centigrade scale; the second column con- 
tains the values of the displacements of the meniscus m2 from its zero position 
expressed in terms of head divisions on the micrometer telescope focussed 
upon it; the third column contains the values of the times elapsed expressed 
in minutes reckoned from the time at which zero adjustment of the mano- 
metric balance was made. In the fourth column are found the values in c.g.s. 
measure of the quantity which captions it, taken from a calibration curve 
whose derivation is explained above. The fifth column contains the values for 
the densities of water at the corresponding temperatures. In the sixth column 














TABLE IT. 

r H:-D T-E poll?/H? p x/xo 
23.50 0 0 0.99742 0.99742 1.0000 
26.80 6 63 0.99710 0.99660 1.0005 
30.45 18 83 0.99640 0.99554 1.0008 
33.90 28 101 0.99579 0.99443 1.0013 
37.45 30 123 0.99565 0.99318 1.0024 
40.60 51 141 0.99440 0.99201 1.0024 
43.85 98 165 0.99145 0.99070 1.0007 
46.90 106 180 0.99100 0.98944 1.0015 
50.50 145 212 0.98860 0.98784 1.0007 
53.50 176 235 0.98670 0.98646 1.0002 
57.60 210 252 0.98480 0.98455 1.0002 
61.00 238 275 0.98300 0.98272 1.0002 
63 .00 260 294 0.98180 0.98167 1.0001 
66.70 280 315 0.98060 0.97966 . 








As regards the numbers in the last column of this table, we estimate that, as far as our 
actual observations are concerned, they may be in error one way or the other by 1 or 2 units in 
their last places. 


are found the ratios of the specific susceptibilities of water at temperatures 7 
to its specific susceptibility at the temperature 23.5°C. 

The curve shown in Fig. 5 represents the results of a cyclic run on water 
which, after boiling, was left for several days in contact with helium gas. The 
figures associated with the observation points have the same significance as 
with curve 1 and curve 2, Fig. 4. 

An entirely reliable interpretation of the anomalies in the results repre- 
sented by the curves in Fig. 4 and Fig. 5 cannot, we believe, be given at 
present. We are confident, however, that the apparently anomalous behavior 
of water as indicated by these curves cannot be ascribed to errors of observa- 
tion or to peculiarities of the apparatus; for the susceptibility-temperature 
curves for benzene and for toluene show no such anomalies. 

Questions arise, of course, as to whether the curves for water represent 
reliable values for the diamagnetism of water or values vitiated by the action 
(catalytic, perhaps) of unknown impurities or, possibly, by some unsuspected 
action of a magnetic field upon the surface tension of water, although action 
of this sort has been fruitlessly sought by various investigators. 
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If, however, it be granted that the results represented by the curves in 
Fig. 4 and Fig. 5 are trustworthy, they might, we believe, be explained on the 
assumption that polymerization changes in water produced by variation in 
temperature required for their completion a considerable time; but such an 
assumption is difficult to justify on theoretical grounds. 
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Fig. 5. Cyclic run for water. 


A more exhaustive investigation, suggested by the results of our prelimi- 
nary investigation, will be undertaken in the near future. 

We wish to express our appreciation of the very helpful collaboration of 
Mr. Donald Woodbridge during the later stages of the present investigation. 
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Some Properties of Homogeneously Distorted Cubic 
Ferromagnetic Lattices 
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Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
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The work of Becker and Kersten is amplified in that, starting with a convenient 
expression for the energy of a magnetically saturated and homogeneously distorted 
cubic ferromagnetic lattice, the problem is treated with especial reference to the 
crystallographic symmetry, rather than with the assumption of an isotropic medium, 
as was done by the above named authors. Application is made of the foregoing to the 
magnetostriction and magnetization of samples of iron, nickel, and their alloys under 
tension and compression. The agreement with experiment is qualitatively satisfac- 
tory. Further experimental data are needed for a quantitative check. Finally, there is 
a brief discussion of the effect of magnetization on elastic properties and of hysteresis, 
and a few important problems are listed. 


N TWO very interesting papers by Becker,' and Becker and Kersten,? the 

magnetic properties of distorted lattices are discussed. These authors as- 
sume an expression for the energy of the lattice that is a linear function of 
the tensor components representing the distortion, and a quadratic function 
of the direction cosines of the direction of magnetization. In applying this 
expression, however, they use an approximation which eliminates the sym- 
metry of the crystal present in the original expression for the energy. It is 
the purpose of this paper to carry out the various calculations without mak- 
ing such simplifying approximations. 


ASSUMPTIONS 


Although the models of Ewing and Honda have been very useful in the 
development of ideas about ferromagnetism, recent advances indicate that 
it is time to examine them critically. It seems desirable, to a certain extent, 
to get away from such unobservable quantities as the individual magnetic 
moments of the various atoms in a crystal. Indeed, since wave mechanics has 
taught us to treat the electric charge surrounding an atom as a continuum, 
it is only logical to treat the magnetization of a solid as a property of the 
electric density which occupies the entire space surrounding the nuclei. This 
indicates that we have to deal, not with an aggregate of dipoles, but with a 
vector field. We may expect to derive the laws governing the behavior of this 
vector field from general quantum-mechanical principles, but since the at- 
tempts so far made have not been entirely successful, it may be worth trying 
to formulate them independently, with reference to experimental results only. 
The first of these laws relates to saturation phenomena. It gives the energy of 


1 R. Becker, Zeits. f. Physik 62, 253 (1930). 
2 R. Becker and M. Kersten, Zeits. f. Physik 64, 660 (1930). 
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a saturated ferromagnetic lattice as a function of the direction of magnetiza- 
tion. This part of the problem has been attacked from an atomic point of view 
by Heisenberg,* who discusses the existence of magnetization of the type un- 
der discussion, and Bloch and Gentile* who take up the orientation in the 
crystal lattice. An attempt to establish a corrective term applicable to dis- 
torted lattices forms the body of this paper. In addition to these laws govern- 
ing the orientation of the vector J, we need to know how I changes in magni- 
tude. The most generally accepted suggestion is that IJ does not change in 
magnitude at all, if we measure it in sufficiently small volumes, but is always 
equal to I,, the Weiss spontaneous magnetization. These small volumes must, 
nevertheless, contain a large number of atoms. In other words, a crystal is 
divided into small regions whose directions of magnetization are determined 
by a probability function. This model surely contains some truth, but has 
not been very useful in explaining the detail of demagnetization, perhaps be- 
cause other phenomena, such as a periodic reversal of the direction of mag- 
netization,® for instance, obscure its implications. An interesting alternative 
possibility is to assume that in this problem, as in the case of other vector 
fields, two separate treatments are called for, corresponding to geometrical 
optics on the one hand and wave optics on the other. In fact, in view of the 
general orderliness of nature on a small scale, as contrasted with the general 
disorder found on a large scale, one might almost suspect that all polarization 
and diffusion vector fields, when examined in detail, would reveal a wave 
structure rather than random fluctuations. However that may be, experi- 
mental evidence has recently been found, which shows that the magnetization 
of a single crystal is not uniform, that inhomogeneities exist, and are arranged 
according to well-defined geometrical patterns.® Therefore on purely empiricai 
grounds we may expect a wave equation to govern the intensity of mag- 
netization, that is, one whose solutions are some sort of oscillating functions. 
The existence of such an equation will then somehow have to be reconciled to 
the existence of spontaneous magnetization as postulated by Weiss and 
Heisenberg. 

The above discussion has been introduced in order to emphasize two 
points. (1) The magnetic properties of a saturated lattice are representable 
by a function derivable from symmetry considerations and containing a few 
constants which it is the business of atomic theory to interpret. (2) Whenever 
other than saturated lattices are discussed, further assumptions must be 
made. The simplest and most convenient for our purposes are given below. 

We shall assume that when the energy of a saturated lattice is less for 
magnetization along some one direction than for any other direction, then the 
lattice will actually be magnetically saturated in this one direction of mini- 
mum energy. Further, when the energy of a saturated lattice is less for mag- 
netization in m specified directions than in any other directions, then the 


3 W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 

4 F, Bloch and G. Gentile, Zeits. f. Physik 70, 395 (1931). 
5 P.S. Epstein, Phys. Rev. 41, 91 (1932). 

6 F, Bitter, Phys. Rev. 38, 1903 (1931); 41, 507 (1932). 
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lattice behaves as if a fraction 1/m of its total volume were magnetized to 
saturation in each of the n directions. The justification for these assumptions 
is that they are very simple to handle, and that to a first approximation they 
have been found to represent certain facts very well,’ and seem to be ade- 
quate here also. As a rule, however, they fall down when applied to problems 
in which two or more directions have almost equal energies, or when hyster- 
esis is important. 

We shall further assume that the energy Ep’ of a perfect cubic lattice in- 
sofar as it depends on the direction of magnetization may be written 


Ey’ = Ey’ + Ey! + Es (1) 
E|’ = const. + c’ 'aZ2a;? (2) 
E,! = const. + Ki ) Bia? + Ke >’ Bi jaa; (3) 
E; = —I,-H. (4) 


Here £,’ refers to the undistorted cubic lattice, and results from the spin- 
orbit coupling. The tensor components B;; give the position x’, y’, 2’ of a 
point after distortion in terms of its coordinates before the distortion. 


= (Bi + 1)x + Biy + Buz, etc. (5) 


The quantities a; are the direction cosines of the magnetization along the 
i, j, k axes which are assumed parallel to the tetragonal axes of the crystal. 
E; is the energy component due to the external field H. The summations ex- 
tend over all values of i, 7, k, the primed summation indicating i#j, etc. The 
constants include all terms independent of a;, etc. 

These equations are inconvenient because they refer to an ideal cubic lat- 
tice which is not experimentally available. In order to correct this we must 
calculate the equilibrium configuration of the lattice under no external forces, 
and use this as our starting point. 


LATTICE UNDER NO EXTERNAL FORCES 


Let us write B;;=A,;+C;;, where the quantitites B;; refer to total distor- 
tions measured from the original cubic form of the lattice, C;; are the distor- 
tions produced in the lattice by internal forces, and A;; are the distortions 
produced by external forces alone, measured from the equilibrium configura- 
tion of the lattice. We can write 


E,! = const. a Ky, SoA ia? a Ko >A jjeia; 
+ Ky >Cisae? + Ke > 'Cijaia;. 
In addition we put for the elastic energy of distortion® 


7 A review is contained in F. Bitter, Phys. Rev. 39, 337, 371 (1932). 

8 This is the expression used by Becker! and is correct for isotropic media. In general, 
three elastic constants are required to describe cubic crystals. The energy is (Love, Math. 
Theory of Elasticity, page 158) 

Eu=(en/2)>, Cis? + (Cr2/2)D,' Cis Cj Heud,'Ci? 
which reduces to the above for 2¢4=¢—¢i2. The use of this complete expression does not 
alter the form of Eqs. (7) or (11), but does alter the relationships 10 and 12 to 


c=c' +Ki2/2(¢1 —e12) —K2?/4eu4; x1 = —Ki/(¢u—a12); x2= —K2/2cu. 
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E, = *[ UC? +E VC: 2, 


G being the modulus of shear, or rigidity, and (A+2G/3) the modulus of com- 
pression of the (non-magnetic) cubic lattice. The quantities C;; are then so 
determined that in the absence of external forces (A ;;=0) 


(0/0C;;)(Ex’ + Ey) = 0. 
Carrying this out, we obtain 
>-Cis = const. 
Ci; = const. — (K,/2G)a;? 
Ci; = const. — (K2/2G)aja; 


and, remembering that 


dia 


— 


=[Lat}!— Data? 

we obtain 
E, = const. + [(K2? — K1°)/4G] }0’a2a;? 
Ej! = f(Aij) + [(K2 — K3?)/2G] Di’a2a;?. 


Consequently, putting Ey=Ee’+E, and lumping all the terms independent 
of the direction of magnetization into a single constant, we obtain 


Eo = E, + E, + E; + const. (6) 
where 
E, = ¢ )'a2a;? (7) 
Ez, = Ky DiAiia? + Ke D0’Ajjaia; (8) 
E;=I1.:H (9) 
c=c'+(K;? — K,?)/4G (10) 


where £, is the energy of the lattice including magnetostrictive strains, and 
where the A ;; are measured from that configuration of the lattice in which it 
is in equilibrium with itself. Further, the magnetostriction given by the ten- 
sor C;; is more conveniently expressed by the formula for the change in length 
per unit length in the direction §;, B;, B; 


8l/l = xo + x1 Doa2B? + x2 Do aiee 8,8; (11) 
which can be derived by noticing that 
él/l = >CiB? + > 'Ci:BB; + const. 


and substituting the values of C;; found above. On doing this, one obtains 
Eq. (11) with 


x1 = — K,/2G; x2 = — K2/2G. (12) 


The expression for 6//l gives the difference in length between the final mag- 
netically saturated state and the initial cubic state. Since this initial condition 
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cannot be realized experimentally, we must choose some other cubic condi- 
tion as our starting point and correct the above expression by choosing xo to 
fit experimental observations, instead of using for it that function of X, G, 
etc., which results from the foregoing calculation. It is convenient to use as 
our reference configuration one with no applied field H, in which the sample 
is completely demagnetized. For the present we need not specify further what 
this demagnetized condition is. It should be noticed that formula (11) may 
be checked without any special assumptions regarding xo by measuring the 
difference in magnetostriction between various directions of magnetization 
and observation. xo will then drop out. 

Insofar as the foregoing considerations are correct, Eqs. (6) to (12) should 
describe the behavior of saturated crystals. There appear five constants, I, 
c’, Ki, Ke, and G which are to be interpreted by quantum theory. This has 
been attempted for the first two only. 


EVALUATION OF E> 


In the following we shall not be concerned with the elastic properties of 
crystals, but confine ourselves to the description of strains, and moreover to 
extensions with transverse contractions. The tensor components have been 
calculated for the following cases. 


Extension parallel to [100] axis 
Aj; = A; Ajj = Ark = — pA; Aij = Ayes ++ =O. 

Extension parallel to [110] axis 

Ax = Aj; = [(1 — »)/2]A; Ame = — nA; 

Ai; = Ay = [1 +4)/2]A; Ape = Au = 0. 
Extension parallel to [111] axis 

Aix = Ajj = Axe = [(1 — 2n)/3]A; Ay = Aw = +> = [(1 +2)/3]A. 

A measures the extension, and wu determines the extent of the accompanying 
change in volume. In the ensuing formulae additive constants are neglected. 
E, for extension parallel to [100] axis 


Substituting the values found above into Eq. (8) and putting a;=cos 6; 
a;=sin @ sin ¢; a, =sin 6 cos ¢ one obtains 


E, = [(1 + »)/2]K:A cos 28, (13) 


indicating that the energy is independent of the orientation of J, in the plane 
normal to the extension, and is a maximum in the direction of extension if 
K,>0. 


E, for extension parallel to [110] axis 


Substituting the appropriate values of A;; into Eq. (8) and putting 
nx; =sin 6 sin ¢; a;=sin @ cos ¢; a, =cos 6 we obtain 
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E, = K,A[(1 — u)/2] [sin?@ — uw cos? 6] + K2A(1 + yn) sin? @ sin ¢ cos ¢. (14) 


Putting 9=7/2, this gives for the (001) plane, which contains the direction 
of extension 

= [(1 + »)/2]K2A sin 2¢ 
which expression has a maximum for ¢@ = 7/4, or in the direction of extension, 
if K,>0. However, by putting ¢=7/4, this gives for the (110) plane which 
also contains the direction of extension, 


E, = — [(1 + u)/4|(Ky + Kz2)A cos 26 


or for the (110) plane perpendicular to the direction of extension, for which 
o=-—7/4 
E, = — [(1 + »)/4](Ki — K.)A cos 20 

which shows that the energy is not independent of the orientation of J, in 
the plane normal to the extension unless K,;= Ke. Further, EZ» will have its 
maximum or minimum value in the direction of extension as long as K,+ Ke 
has the same sign as Ke. But if K,+K, has the opposite sign of Ke, then both 
maximum and minimum of £2 will lie in a plane perpendicular to the exten- 
sion. This latter case is of considerable importance in describing the Villari 
reversal in iron, as discussed further on. 


E, for extension parallel to [111] axis 


Substituting the appropriate values of A;; into Eq. (8), and writing for 
the angle @ between the direction a;, a,;, a, and the [111] axis whose direction 
cosines are 3-1/2, 

cos 8 = 3—/2(a; + a; + ax) 
we obtain 


E, = [(1 + u)/2]KeA cos 28, 


an expression similar to that for extension along the tetragonal axes, except 
that Ke replaces K,. 
MAGNETOSTRICTION 

The formula given in Eq. (11) expresses a complicated relationship be- 
tween the parallel and transverse components of magnetostriction in their 
dependence on the direction of magnetization in the crystal. Existing data 
are not sufficiently reliable for a satisfactory quantitative check, but are per- 
haps sufficient for a rough estimate of x; and x2 for iron and nickel. From 
Eq. (11) we find the following values of 6///. We shall evaluate these con- 


TABLE I. Table of theoretical magnetostrictions. 











Case Direction of magnetization Direction of observation él/l 

a [100] axis; a; =1, aj =0, a, =0 6B: =1, 8; =0, 6. =0 xotx1 

b ” ’ . . ans. 8;=1, 8. =0 xo 

c “ w “ «“ =0, B;=2- 1/2 » Bj =?2- 1/2 0 

d (110) axis; aj = 2 1/2, aj = 2-0, a,=0 ram ls) Bj = 2-12, B.=0 xot+3(x1+x2) 

e 5 B= 2-12, B= — 71, B.=0 hia X2 2) 

f - F . M2 “ B= 0, B;= 0, Be=1 

g [111] axis; ag=3-/?, a; =3-V2Q,=3-2 B= 3712 , Bj =3-Y2, By = 3-12 tilt ted 
h « «“ “ « B= we B; =—?2?- 1/2 , Be =0 xot3(xi- x2) 
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stants for iron and nickel, assuming that in the experiment the zero reading 
corresponds to the length for perfect demagnetization. The observations on 
iron are taken from Honda and Masiyama,® and those on nickel from 
Masiyama.*® The observations are tabulated in Table II. 


TABLE II. Comparison of theoretical and experimental magnetostrictions. 














Case Theoretical value Experimental value x 10° 
Iron Nickel 
f17.1 f—54.4 
. xoTx (15.3 \-50.7 
b Xo —15.7 21.1 
c xo —15.4 24.0 
wad —31.3 
d xo+3(xit+x2) 1-37 {—33°9 
e xo+3(x1 — x2) 14.0 14.5 
f Xo —9.1 18.3 
g xot+3(xi +2x2) —12.9 —27.1 
h xot+3(x1— x2) 20.6 Pe  : 








In order to fit these values we have chosen the constants shown in Table 
Ill. 


TABLE III. Magnetostriction constants X 10°. 














Iron Nickel 
Xo —15.5 21.0 
x1 32.0 —73.5 
x2 —12.3 —23.5 








These values fit the observations in Table II fairly well, except case h in 
iron, which becomes 0 instead of 20.6, and case e in nickel, which becomes — 4 
instead of 14.5. A better all-around fit might be attempted, but this is hardly 
worth while, since the observations were made on disks cut perpendicular to 
tetragonal and digonal axes in which the demagnetization is probably struc- 
turally different. The constants as evaluated in Table III are therefore only 
roughly reliable. 

As to the dependence of the volume on the direction of magnetization, we 
have!! 6v/v=>_Ci;=constant, a relation which holds independently of the 
choice of constants K, and Ke. 

In order to calculate the change in magnetostriction produced by tension 
we shall make use of the assumption regarding the nature of demagnetization 
—the material behaves as if a fraction 1/n of the total volume is magnetized 
in each of the m directions of easy magnetization. This assumption requires 
that the observed longitudinal magnetostriction, or the total change in 
length from a demagnetized state to saturation can be written: 


® K. Honda and Y. Mashiyama, Sci. Rep., Tohoku Imp. Univ. 15, 755 (1926). 

10 Y, Masiyama, Sci. Rep., Tohoku Imp. Univ. 17, 945 (1928). 

1 YCx is invariant to a rotation of axes, and is therefore equal to the sum of the principal 
axes of the tensor ellipsoid. 
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For iron 
ig as ~~ 1 A i 0, 0 ) 1 “1° 1, 0 ) 
l Bi, B;, Bx 3 l Bi, Bj, Bi 3 l B:, B; Bi. 


1 oS 0, 1 ) 
3 1 ANB, Bi, Be 7 
For nickel 


“| Qi, Aj, A ) 1 “\ g-is.  ) 1 | on 3-3. ‘. 
l Bi, B;, Bx 4 1 Bi, Bi, Bx 4 1 Bi, Bi, Bx 
1 \ — 3-12, . ) 1 “Ko g-us, —3-1/2 
4 1 Bi, Bj, Bi. 4 1 Bi, Bj, By ) 


where the quantities in brackets indicate the directions of magnetization 
and observation, respectively. Both of these expressions reduce to 


—x:/3 +x >a:°8? + x2 Dd aier 8:8 ;, 


which is equivalent to our original expression (11) provided xo = — x:/3. The 
values in Table III are not quite consistent with this result, so that we may 
expect discrepancies when making use of the above assumption concerning 
demagnetization. 

We proceed to discuss the longitudinal magnetostriction in crystals under 
tension and compression in the direction of magnetization. This tension or 
compression, whenever it is referred to in this article, means tension or com- 
pression so large that Z, may be neglected in Eq. (6). The procedure is here 
outlined, by way of illustration, for nickel under tension along a trigonal axis. 
Tension along a trigonal axis in nickel makes the energy a minimum for mag- 
netization in the plane perpendicular to the tension. Therefore the magneto- 
striction under tension will be that observed without tension plus the change 
due to the new configuration for demagnetization, which change is given by 


6l7/2-1/2, —2-1/2 9 
ann dane ’ ’ wae . _ 
l Rn 3-1/2, scl [xo + (x1 x2) | 


or for the total magnetostriction under tension 
xo + 3(x1 + 2x2) — [xo + 3(x1 — x2)] = x2. 


In this case, as in all others, the magnetostriction under tension does not in- 
volve xo, and is therefore independent of our special assumptions about de- 
magnetization. Various other cases have been calculated and are tabulated 
in Table IV. Here xo has been put equal to — x:/3 to show in which cases the 
relation 


| 3 él | 
l tension ' 2 l no tension 
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which was found by Becker for nickel, holds. In Table IV the values of 61/1 
only are affected by the special choice of xo. 


TABLE IV. Longitudinal magnetostriction in crystals with and without tension or compression 


in the direction of magnetization, assuming a special mechanism for demagnetization which requires 
that xo= — x:/3. 











Material K, K: K,+XK, Direction of él/l él/l withten- 41/1 with 
magnetization sion compression 
Fe - + _ [100] 2x:/3 0 x1 
[110] 3(x1/3+x2) x2 3(xi+x2) 
[111] 2x2/3 x2 0 
Ni + + + [100] 2x:/3 x1 0 
{110} 3(x1/3+x2) 3(x1+x2) 0 
80% Ni [111] 2x2/3 x2 0 
i 
20% Fe j ? 0 ? (111] 0 0 0 
5% Ni 
SO Fe } - ? (111] 2x2/3 0 ? 








The sign of Ky for the alloys containing 80 percent Ni and 45 percent Ni is 
taken from data by Buckley and McKeehan.'? Further, McKeehan and 
Cioffhi'* found that the magnetostriction of a wire of the 80 percent Ni alloy 
with and without tension is zero, while Honda and Shimizu" found that for 
a wire of the alloy containing 45 percent Ni the magnetostriction under ten- 
sion is zero. In nickel and iron wires, the last named authors find the mag- 
netostriction with and without tension as shown in Table V. 


TABLE V. Magnetostriction of wires, 











Without tension With tension 
in iron 
—4x10° <-—9x10-6 
in nickel 


—30 x 10-* ~—42x 10-5 











All these results are in general agreement with the predictions of Table IV 
provided we assume the iron wires to be fibered with a digonal axis parallel 
to the wire axis, and all the other wires to be fibered with a trigonal axis 
parallel to the wire axis. 

The calculation of magnetostriction under tension as a function of H is of 
course quite possible in accordance with the above. We shall here be content 
with pointing out that both for iron and nickel wires under sufficient tension, 
I is proportional to 7 up to saturation, and the magnetostriction is propor- 
tional to J*. This is of especial interest for iron, in that it predicts the disap- 
pearance of the change in sign in the magnetostriction which has often been 
observed in wires‘ and single crystals magnetized in a [110] direction. The 


120. E. Buckley and L. W. McKeehan, Phys. Rev. 26, 261 (1925). 
13 L. W. McKeehan and P. P. Cioffi, Phys. Rev. 28, 146 (1926). 

4 K, Honda and S. Shimizu, Phil. Mag. 4, 338 (1902). 

15 W. L. Webster, Proc. Roy. Soc. A109, 570 (1925). 
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change in sign, or Villari reversal, is discussed from a theoretical point of view 
by Heisenberg" and Akulov."’ Its disappearance has been observed by Honda 
and Shimizu.'* 


MAGNETIZATION!® 


The magnetization curves for crystals under tension may be calculated 
with the help of Eq. (6) by finding the minima of EZ. If tension produces a 
maximum in the direction of magnetization, the material will be more difficult 
to magnetize under tension, and conversely. Since Es has a maximum in the 
direction of extension for extension in nickel along the tetragonal, digonal and 
trigonal axes, and in iron along the trigonal axes, these conditions will give 
rise to properties similar to those found in nickel wires, and discussed at 
length by Becker and Kersten.'® On the other hand, iron under tension along 
a tetragonal axis has a minimum of £, in the direction of extension. The four 
minima at right angles to the direction of extension have been bulged out. In 
other words, suppose an iron crystal is placed with its tetragonal axes parallel 
to the axes of a cartesian system of coordinates. EZ, has a minimum along the 
+x, +y, and +2 axes due to the fact that C>0 in Eq. (7). Extension along 
the z axis changes E, so that it has a minimum in the +2 directions but a 
maximum in any direction in the x-y plane. In order to see the effect of ex- 
tension on magnetization let us assume a small field in the direction of the 
+z axis. We shall here give up the simple assumption that this small field 
produces saturation, and assume instead merely that there is a slightly 
greater probability of finding a volume element magnetized in the +2 direc- 
tion than in any other direction. If, now, we apply tension along the z axis, 
we effectively dump the contents of the minima along the +x and +y axes 
into the minima along the +2 axis, which, because of the small magnetic 
field in the +2 direction, will fall more into the +z than —z direction, and so 
increase the magnetization. Iron under tension along a digonal axis is more 
complicated. Let us assume that extension is along the [110] axis in the model 
just discussed. This extension will produce maxima of Es along the +2 axes, 
and minima along the [110] directions, as may be seen by substituting the 
values for K, and K2 as given by Table III and Eq. (12) into Eq. (14). A small 
field in the [110] direction will make the minima of Ey in the x and y direc- 
tions less than the minima in the —x, —y, and +2 directions. If tension is 
gradually applied along the [110] axis, the minima in the +z directions are 
first emptied, producing an increase in magnetization. Further extension 
shifts the minima along the x and y directions into the (110) directions, pro- 
ducing a decrease in magnetization. This is in accordance with the observa- 
tions of Honda and Terada” and others. In general, if a substance is easier 


16 W. Heisenberg, Zeits. f. Physik 69, 287 (1931). 

" N. Akulov, Zeits. f. Physik 69, 78 (1931). 

18 A further discussion of magnetization with illustrations of the function Eg will be pub- 
lished in a further paper. 

'® See references 1 and 2, and M. Kersten, Zeits. f. Physik 76, 565 (1932). 

20 K. Honda and T. Terada, Jour. Col. Sci., Tokyo 21, Art. 7 (1906). 
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to magnetize under tension, it is more difficult to magnetize under linear 
compression. This, however, is not true of iron along a [110] axis. Changing 
from extension to compression changes the sign of A in Eqs. (13) through 
(15), and consequently reverses the positions of the maxima and minima of 
E,. But iron under tension along a [1 10] axis has both maxima and minima of 
E, at right angles to the extension. Compression will reverse these, and so 
will not produce a minimum in the direction of compression. 


ELASTIC PROPERTIES 


Since the energy of distortion E2 as given in Eq. (9) is a linear function 
of the distortion, we may say that the atomic interactions responsible for 
E: give rise to forces that are independent of the distortion, and dependent 
only on the direction of magnetization. Consequently, in order to discover 
any change in the elastic properties of iron due to a change in magnetization 
from a [100] axis to a [010] axis, for instance, it would be necessary to use 
methods that were capable of detecting the change in elastic properties due 
to the application of a constant force.?! 

Finally, it follows from Eq. (12) that the modulus of shear G may be writ- 
ten 


G=- K,/2x1 — K2/2x:. 


Since x; Or x2 can be determined by measurements on magnetostriction, 
and K, or Ke by measurements on the change in magnetization or magneto- 
striction under tension, it follows that we can determine G, an elastic con- 
stant, by purely magnetic measurements.® 


HyYstTERESIS 


Whether or not homogeneous strains are important in determining hys- 
teresis depends entirely on the mechanism by which magnetization changes 
from one direction, say A, to another B. If this is essentially a rotation, so 
that the nature of E, between A and B actually enters into the problem, then 
homogeneous distortions certainly will be important. Such a condition is to 
be expected in rotating fields. It may very well be, on the other hand, that 
the values of Ey between A and B are in some cases quite irrelevant. In such 
cases homogeneous strains would not be important.” 


PROBLEMS 


The following problems appear to be among the most interesting and im- 
portant ones confronting students of ferromagnetism today: (1) The inter- 


2! If the direction of magnetization depends on distortion the elastic behavior will be modi- 
fied in a complicated way which will be discussed elsewhere. 

2 F, Bloch discusses a mechanism for such changes in direction of magnetization, Zeits. 
f. Physik 74, 295 (1932). 
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pretation of the constants c, K,, and Kez in Eqs. (7) and (8). (2) The effect 
of alloying on these constants, both from an experimental and theoretical 
point of view. (3) The establishing of Eq. (8) for the energy of distortion and 
its derivative Eq. (11) for magnetostriction on a firm experimental basis. 
(4) A determination of the law stating how magnetization changes from one 
direction to another, together with the related but perhaps more difficult 
problem of describing demagnetization. 
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Hall e.m.f. and Intensity of Magnetization 


By E. M. PuGu anp T. W. Lippert 
Carnegie Institute of Technology 


(Received October 3, 1932) 


Previous experiments have indicated that the Hall e.m.f. depends on intensity 
of magnetization rather than upon applied field or magnetic induction. Additional 
evidence is offered, the most important being that provided by a material in which H 
and B-H are of the same order of magnitude. ‘ 


T HAS been shown by one of us' that in certain ferromagnetic materials 

the Hall e.m.f. £ is a linear single-valued function of the intensity of mag- 
netization B-H, but is neither a linear nor single-valued function of either the 
induction B or the applied field /7. 

The nature of the apparatus used at that time was such that it was pos- 
sible to obtain accurate results on only two substances, namely, K.S. magnet 
steel and high carbon steel, and only after they had been hardened by proper 
heat treatment. 

Whether the above rule is general or is merely characteristic of the two 
materials tested, should be thoroughly investigated on account of its theoret- 
ical importance. This is especially true since these two substances had some- 
what similar magnetic properties. It was therefore decided so to modify and 
improve the apparatus that accurate measurements of Z, B and H could be 
made on a great variety of materials. 


APPARATUS 


In the old apparatus! the method of measuring the Hall e.m.f. with a 
Kohlrausch slide wire made the sensitivity proportional to the resistance of 
the test bar, forstalling the testing of low resistance bars. The Kohlrausch 
slide wire was replaced with a Wolff potentiometer which, together with de- 
cided improvements in the storage battery current supply, reduced the un- 
certainty in the e.m.f. measurements on all materials to +10-* volts—less 
than half the uncertainty previously obtained in high-resistance materials. 

The magnetic measurements were also considerably improved by the use 
of a high-sensitivity galvanometer shunted with a very low resistance which 
gave it excellent fluxmeter characteristics. Such a well-damped fluxmeter is 
essential for the accurate measurements of the slow magnetic changes occur- 
ring in the bars. 


PROCEDURE 


The bar under test was first heat treated in an atmosphere of hydrogen, 
and then placed in the apparatus where it was measured by the step-by-step 
method described in the former paper.! The quantities E, B, and H were ob- 


1 E. M. Pugh, Phys. Rev. 36, 1503 (1930). 
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tained over the virgin curve and over several succeeding hysteresis loops. 
These same quantities were then measured over the normal magnetization 
curve by the method of reversals. 


CONCENTRIC COIL _ TO MEASURE 
FIBRE CYLINDERS - 










eee 


MIX TURE OF HEAVY 
OIL 8 IRON FILINGS MAGNET POLE 


Fig. 1. Variable permeability cylinder to find value of H for samples of low permeability. 


The following materials were tested after they had been carefully an- 
nealed and also after they had been quenched from a suitably high tempera- 
ture,—electrolytic iron, high carbon steel, K.S. magnet steel, an iron-cobalt 


55 x10 voLTS 


HALL EMF. 


HALL EMF. 

















I [ | I | I i I 3) I 
Fig. 2. Hall e.m.f. E in annealed K.S. magnet steel taken along the ascending branch 


of the first hysteresis loop. Plotted (A) against H, (B) against B, (C) against B-H. Current 
density 40 amperes per cm?. 


alloy (Fe 50 percent, Co 50 percent), and an iron-nickel alloy (Fe 70 percent, 
Ni 30 percent). The iron-nickel alloy is only slightly magnetic at room tem- 
perature, having a maximum permeability between 3 and 4. It loses its ferro- 
magnetic properties at about 140°C. 
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Fig. 3C. 


Fig. 3. Hall e.m.f. in quenched iron-nickel alloy (Fe 70 percent, Ni 30 percent). (A) and 
(B) show the multiple-valued character of the curves with H or B as abcissae; (C) shows the 
single-valued character of E with B-H as abcissae. Current density 40 amp. per cm?. 
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The tests on this slightly magnetic bar were far more conclusive than on 
any other specimen because in it the quantities 7 and B-H were of the same 
.order of magnitude whereas in the other bars // was never more than 5 per- 
cent of B-H. 

The saddle coil method! of measuring // was inapplicable to this slightly 
magnetic alloy and was discarded. Instead /J was measured by substituting 
in place of the bar two concentric cylinders (Fig. 1) between the pole pieces 
of the electromagnet. The space between the cylinders was filled with a mix- 
ture of heavy oil and iron filings in such a proportion that the additional flux 
due to the iron filings was the same as the additional flux previously due to 
the test bar. Under these conditions the search coil around the inner cylinder 
enclosing air only measured the desired value of /Z. 


> tot 


HALL E.MF% | 




















Fig. 4. Hall e.m.f. in baked iron-nickel alloy taken along the normal magnetization curve, 
where greatest accuracy is obtainable. Current density 40 amp. per cm?. (A) and (B) show defi- 
nite curvature of E with H or B as abcissae; (C) shows the linear character of E with B-H 
as abcissae. 


RESULTS 


Figs. 2, 3 and 4 are good examples of the results obtained. Fig. 2 shows 
the results obtained on the ascending branch of the first hysteresis loop fol- 
lowing the annealing of K.S. magnet steel. While the intensity of magnetiza- 
tion was different on the different successive hysteresis loops, no change was 
found in the ratio of E to B-H. In each material tested the ratio E/(B-H) re- 
mained constant, dependent on temperature and previous heat treatment only, for 
all of the magnetic changes to which it was subjected. 

The best results were obtained with the iron-nickel alloy (Figs. 3 and 4) 
which, because of its low permeability, furnished a very exacting test of this 
relationship. It is here obvious that the graph of E is curved and multiple 
valued (Figs. 3A and 3B) when plotted against either /7 or B but is straight 
and single valued against B-H, Fig. 3C. The greatest accuracy is attained in 
taking a normal magnetization curve because the method of reversals elimi- 
nates the cumulative errors of the step-by-step method. Fig. 4 shows the Hall 
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e.m.f. curve taken along the normal magnetization curve of the iron-nickel 
alloy. 

It was not possible to make measurements over a large range of tempera- 
tures with the apparatus but the variation of the ratio E/(B-H) in elec- 
trolytic iron and in the iron-nickel alloy was investigated over the range 
available (Fig. 5). In this region the ratio E/(B-H) varies linearly with 
temperature whereas both E/B and E/H plotted against temperature give 
curves. 
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Fig. 5. Variation of ratio E/(B-H) with temperature in electrolytic iron 
and in the iron-nickel alloy. 


These and previous results furnish convincing evidence that the Hall e.mf. 
should be considered as a function of the intensity of magnetization alone. 

The authors wish to thank Professor Honda of Japan for the K.S. magnet 
steel and Dr. Elmen of the Bell Telephone Laboratories for other alloys used 
in this work. 
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Mono-Crystal Barkhausen Effects in Rotating Fields 


By Frep J. Beck, Jr.* AnD L. W. McKEEHAN 
Sloane Physics Laboratory, Yale University 


(Received October 10, 1932) 


The directions of Barkhausen effects in a single crystal disk of silicon steel, held 
stationary in a magnetic field rotating slowly in the plane of the disk, have been de- 
termined. Search coils at right angles picked up impulses proportional to selected rec- 
tangular components of the changes in magnetization. Measurements on an oscillo- 
graphic record were made at two values of magnetization, 190 and 100. Values of the 
angle @ between the change in magnetization AJ and the corresponding variation 
in the applied field, (dH/dt)At were determined for various positions of the applied field 
relative to the crystallographic axes. The normal to the disk made angles of 30°, 60°, 
90° with these axes. For these low values of magnetization the effects are mainly trans- 
verse with respect to H (and therefore nearly parallel to dH/dt) and are more nearly 
transverse for the greater value of magnetization. The average value of ¢ is about 
20° (AI lagging dH/dt) for the lower value of J and is less than 5° for the higher value. 
The average magnetization apparently lags the applied field and makes a small angle 
with it. The direction and frequency of effects seemed unaffected by changing the 
direction of H in the plane of the disk, so that no dependence upon the crystallo- 
graphic directions of J, H or dH/dt have been established. 


INTRODUCTION 


GREAT deal of experimental evidence relating to discontinuous changes 

in magnetization has been presented since the discovery of the Bark- 
hausen effect. Data have been obtained concerning the effect in various ma- 
terials, the size of the volume element, or rather the magnitude of the change 
in magnetic moment, the relation between mechanical strain and effect and 
the relation between the effect and the slope of the magnetization curve or 
hysteresis loop. Various methods have been employed for the detection of 
the discontinuities principal among which are, the measurement of the noise 
from a telephone receiver, the measurement of the average current output 
from an amplifier by means of a galvanometer, and the measurement of the 
instantaneous current output from an amplifier by means of an oscillograph. 
All but the most recent studies have concerned themselves wholly with the 
changes in magnetization which take place in the direction of the applied 
field. Recently Bozorth and Dillinger? and Bozorth* have studied in addition 
the change in magnetization occurring in a direction at right angles to the 
applied field. It is recognized that a knowledge of this so-called transverse 
effect may give additional information as to the nature of processes occurring 
in the elementary domains. 


* Part of a dissertation presented for the degree of Doctor of Philosophy at Yale Uni- 
versity. 

1H. Barkhausen, Phys. Zeits. 20, 401 (1919). 

2 R. M. Bozorth, and J. F. Dillinger, Phys. Rev. [2] 38, 192 (1931); 41, 345 (1932). 

3 R. M. Bozorth, Phys. Rev. [2] 39, 353 (1932). 


714 








BARKHAUSEN EFFECT 715 


In the present investigation a single crystal of silicon steel was employed 
as a test specimen. An apparatus was devised so that an indication of the 
longitudinal and transverse components of the change in magnetization aris- 
ing from one and the same discontinuity could be obtained. As a means of 
causing the effect a uniformly rotating field was employed, the specimen be- 
ing held stationary. It was felt that an investigation along these lines would 
give some insight as to the transverse effect, relate the direction of the change 
in magnetization with the position of the exciting field and disclose any de- 
pendence of the direction of the change in magnetization upon the crystallo- 
graphic directions of I, H and dH/dt. It seemed likely that a better indication 
of the actual phenomena taking place could be had by obtaining the ratio 
of the change in magnetization along the field and at right angles to the field 
corresponding to each individual discontinuity and then averaging this ratio, 
rather than considering the ratio of the average longitudinal component to 
the average transverse component. 


THE APPARATUS 


The apparatus devised to give the information desired consists essentially 
of the main exciting field and the search coils, the amplifiers, and the oscillo- 
graph. Fig. 1 illustrates the essential features of the effect producing me- 


} | 7 








Fig. 1. Side view of mechanism. 


chanism. Here A is the field-producing coil consisting of 65 turns of 9 A. W. 
gauge (diameter 0.289 cm) double cotton covered wire. The winding is ex- 
cited from a storage battery source of supply and produces a field of strength 
4.8 gauss per ampere directed in the plane of the crystal. The main field is 
electrically driven through reduction pulleys and the worm and wheel B. 
Throughout the course of the investigation the rate of rotation of the field 
was 1 revolution in 5.63 minutes. This low rate was found to be necessary 
in order to secure sufficient resolution between successive discontinuities. To 
pick up two mutually perpendicular components of magnetization due to a 
single discontinuity it was necessary to employ two search coils mounted at 
right angles to each other. These coils are indicated in the diagram as C 
and D, referred to herein as the outer and inner coils, respectively. The outer 
coil consists of 12,000 turns of 44 A. W. gauge (diameter 0.0051 cm) enameled 
wire wound in two sections. The inner coil consists of 11,000 turns of 44 
A. W. gauge enameled wire also wound in two sections. The sections of each 
individual coil are connected in series so that the induced e.m.f.’s will be ad- 
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ditive. The coils were wound on specially constructed Bakelite forms so ar- 
ranged that the inner coil could be slipped out of the outer coil and the crys- 
tal disk E inserted. The coil holder F maintains the coils with 90° between 
their axes and permits shifting of the arrangement relative to the field coil. 

In order to obtain measurable impulses it was necessary to amplify the 
outputs from each search coil. Fig. 2 is a wiring diagram of the amplifiers 
employed. It was found advisable to use an output transformer in the last 


Cc, C, Cc 













OUTPUT 


INPUT 


ANNAN 





yl. 


IS 3v bv 40v 35v 
Fig. 2. Wiring diagram of one amplifier. 
stage to increase the output current to a value which would actuate the oscil- 


lograph. The value of the coupling resistances, coupling condensers and by 
pass condensers are given below in Table I. Considerable difficulty was met 

















TABLE I. 
1st 2nd 3rd 4th 
R, — 50 ,000 750 .000 250 ,000 
R> 25 ,000 100 ,000 50 ,000 _- 
C; — 0.1 0.1 0.1 
C2 = 4 mfd 


with in securing the high amplification necessary, consistent with good sta- 
bility. In order to eliminate feed back, extreme care was taken in the wiring 
of the amplifiers. Each individual stage of both amplifiers was separately 
shielded. The input leads from the search coils and the output leads to the 
oscillograph were also separately shielded. Further, to eliminate disturbances 
of an electromagnetic origin, the entire apparatus was placed in a large copper 
box. The search coils and main field were, in addition, separately shielded. 
The effect of sound vibration was almost wholly eliminated by using non- 
microphonic tubes and by suspending the amplifiers from rubber tubing 
which served to damp out the vibrations. 

The oscillograph used was a G. E. Type PM-12-A 1 two element instru- 
ment. The sensitivity of the elements was 0.7 m.a. per millimeter. 

The specimen employed in the experiments was a disk one inch (2.54 cm) 
in diameter and 0.018 inch (0.0457 cm) thick cut from a single crystal of 
silicon steel grown by W. E. Ruder of the General Electric Laboratories. 
Precautions were taken in the cutting to minimize the effect of strain as 
much as possible. The analysis of the steel used is as follows: 
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C Mn P S Si 
0.05 0.15 0.038 0.026 3.24. 


X-ray analyses showed the specimen to be a single crystal and determined 
the direction of the cubic axes relative to an indicating mark ruled on the 
crystal. These directions are indicated in the diagram of Fig. 3. 


g 
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0 





0 100 200 


foo} Arruen Mrenerizine Fievo - Gauss 


Fig. 3. Relation of cubic crystal axes toplane Fig. 4. Relation between magnetization and 
of disk and fiducial line thereon. applied magnetizing field. 


A curve showing the relation between the field strength of the main field 
and the intensity of magnetization is plotted as Fig. 4. The curve was ob- 
tained by suspending the disk by means of a fiber in a uniform magnetic 
field. The disk was then set into oscillation and the period of the system de- 
termined at various field strengths. Measurements of the effect were made at 
two values of J, 190 and 100, corresponding to a main field current of 10 
amperes and 5 amperes, respectively. 


METHOD OF PROCEDURE 


In taking observations the crystal was placed in position in the apparatus 
so that the indicating mark on it was perpendicular to the base of the ap- 
paratus. The main field was then excited from a storage battery source of 
supply. With the amplifiers in operation the field was slowly rotated at a 
uniform rate. The rotation of the field caused the appearance of Barkhausen 
discontinuities, the effect of which could be viewed or photographed by means 
of the oscillograph. The crystal position was maintained fixed during the 
course of the measurements. The positions of the field are designated by the 
angle y which is the angle between the field vector and the mark on the crys- 
tal. The positions of the search coils relative to the field are designated by 


means of the angle @ which is the angle between the field vector and the axis 
of the inner coil. 
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With the field is a given position, e.g., Y=0 and the search coils at the 
position @=0, a photograph is taken of the discontinuities affecting each coil. 
With the field in the same position, i.e., ¥ =0 photographs are taken for values 
of 0 from @=0° to @=90° at 10° intervals. The above process is repeated for 
values of Y from y =0 to Y=180°. Photographs have been taken in the man- 
ner outlined above for a main field current of 10 amperes corresponding to 
an intensity of magnetization of 190 gauss. Another run was taken at a field 
current of 5 amperes corresponding to an induction of 100 gauss. Here the 
search coils were always maintained at a position @=45° with respect to the 
field. 

The change in magnetization taking place when a discontinuity occurs is 
proportional to the area under the corresponding curve traced out by the 
oscillograph. The areas corresponding to each discontinuity were obtained 
by considering the impulse to be triangular in shape and measuring the base 
and altitude of the triangle. From these measurements the ratio of the change 
in magnetization in the outer coil to the change in magnetization in the inner 
coil can be obtained for the various values of y and @. Curves of this ratio 
plotted as a function of @ are then obtained corresponding to various values 
of y. In order that these curves have any significance it is necessary that the 
over-all amplification of both the outer and inner coil circuits be the same in 
magnitude. The amplifiers employed were matched as closely as possible and 
the outer coil wound with more turns than the inner coil in order to compen- 
sate for the relatively smaller efficiency of the outer coil. Adjustment of the 
over-all amplification of both circuits was then made by comparing the ratio 
of the impulses at 6=0° and @=90°. If the over-all amplification is f, for the 
outer coil circuit and f; for the inner coil circuit we have 


Sil fo = [(Ai/Ac)90/(Ao/A Jo]. 


Here (A,/Aj)o is the ratio of the impulses in the outer and inner coil circuits 
at @=0° and (A,/A;)90 is the same ratio at @=90°. 

From the data obtained in the manner outlined above the ratio of the 
change in magnetization along the field and perpendicular to the field may 
be determined. From this information the angle ¢ which the change in mag- 
netization makes with (dH/dt) may be determined. These data can be aver- 
aged for the various positions of the field and a curve of average @ plotted 
as a function of y. 


RESULTS AND DISCUSSION 


The results of the investigation are contained in curves of which Fig. 5 
is typical and in the curves of Fig. 6. In Fig. 6, curve 1 is for a field current 
of 10 amperes while curve 2 is for a field current of 5 amperes. 

The data indicate that changes in magnetization sometimes occur which 
give a component in a direction opposite to the applied field. This result is 
in apparent contradiction with expectation in that it seemingly involves a 
change in magnetization for which there is an increase of the potential en- 
ergy. However, Bozorth’ points out that in all probability the volume element 
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undergoing a change is exceedingly small, approximating 10-* cm*. It seems 
reasonable to suppose that the actuating field causing a Barkhausen discon- 
tinuity is the field in the immediate vicinity of the volume element which 
subsequently undergoes a change. This field is the resultant of the externally 
applied field and the field due to all other surrounding elements. With this 
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A./Ai 
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° 30 8° 


ae o ° ° P . . ° ° . 
Fig. 5. Relation between ratio (A,/A;) of impulses in outer and inner search coils to the 


search coil setting @ for a single value of ¥. Magnetizing current 10 amperes; A./A; has been 
corrected for inequality of amplifiers. 


supposition the discontinuity may give a longitudinal component in an op- 
posite direction to the applied field and still give a component in the direc- 
tion of the actuating field in its immediate vicinity. From the curves of aver- 
age o-vs.-f we see that the average change in magnetization involves a trans- 
verse component which has a direction always in the direction of the incre- 
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Fig. 6. Relation between mean ¢ and y for two magnetizing currents. Curve marked 1 for 10 
amperes, curve marked 2 for 5 amperes. 


ment of the applied field. Changes in magnetization involving a transverse 
impulse opposite to this would give values of @ greater than 90°. One is led 
to the conclusion from these results that the average direction of magnetiza- 
tion always lags the direction of the applied field. The data indicate that, 
for these low values of magnetization and for the particular crystal in ques- 
tion, the change in magnetization has a large component transverse to the 
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applied field. The average angle ¢ appears to decrease as the field strength 
is increased. This apparently indicates that the angle between the average 
magnetization and the applied field is small at large values of magnetiza- 
tion. When saturation is reached the average intensity of magnetization 
should be directed along the applied field. 

It will be interesting to consider the data in light of the possible modes 
of change in magnetization as indicated by the recent theoretical considera- 
tions of Akulov.‘ On the basis of energies involved Akulov concludes that 
the changes in magnetization which occur are most probable when these 
changes occur between pairs of the six [100] directions in a crystal. The 
theory further indicates that two possible modes of change must be consid- 
ered in attempting to explain experimental results. The first is the so-called 
Umklappungprozess in which the magnetization vector of a small single 
magnetized region reverses its direction but retains its absolute value un- 
changed. A change of this type is that in which the change is from the [100] 
direction to the [100] direction. The second mode of change is the so-called 
Drehprozess in which the magnetization vector turns through 90° but 
again suffers no change in absolute value. An example of this type would be 
a change from the [100] direction to the [010] direction. The first type of 
change involves smaller energies than the second and occurs for lower values 
of magnetization. At the low values of magnetization at which our experi- 
ment was performed it is more probable that changes of the first type would 
occur. Changes of this type are illustrated by the diagonal lines of Fig. 6. 
As is seen, there occur regions in the interval Y=0 to Y=180° for which the 
expected impulses are of the longitudinal type. The actually observed curves 
indicate that impulses occur which are transverse in character. 

If one considers the distortion of the lattice due to mechanical strains as 
the guiding factor a similar variation of ¢ with y would result as was found in 
connection with Akulov’s theory. On Becker’s theory® one would have to 
conclude from the experimental data that the distorted regions travel with 
the applied field in order to account for the small deviations in the average 
angle @ between Y=0 and y=180°. This is contrary to Becker's postulate 
that the strains are nearly independent of the condition of magnetization. 


‘N.S. Akulov, Zeits. f. Physik 67, 794 (1931). 
° R. Becker, Zeits. f. Physik 62, 253 (1930). 
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The theory of velocity propagation in a gas as conditioned by internal energy ex- 
changes is considered in detail for the simplest case in which the “lags” may be differ- 
ent—namely, the model with three sets of states. This “second order” theory is re- 
quired for the interpretation of experimental results where the wave period is of the 
order of the lag for some states. Assuming the first vibration state of CO, to have the 
largest lag in accordance with Kneser’s interpretation of his recent experiments, the 
necessary approximations are given explicitly and the results are directly applicable 
to CO. The apparent lag as measured in sound velocity experiments is not the simple 
stationary state mean “collision life” nor the mean life of the energy quantum except 
under special conditions and then for only one of the states. The velocity increment in 
the “resonance” region is given more accurately in terms of transition probabilities 
and is not described completely by the specific heats as might be expected from the 
“first order” theory. Contrary to the indications of the simple theory with an empirical 
constant the external energy is always merely the translation term. The status of the 
assumed lag assignment in CO, is discussed in the light of the results and underlying 
theory of this paper. 


N TWO earlier papers! the author has presented a theory of the propaga- 
tion of sound in a gas and gas mixtures which deals directly with the 
fundamental kinetic and atomic qualities of the system. The problem of a 
gas whose rate of adjustment to fluctuation in translational energy is the 
same for all internal states was taken up as a special case, or first approxima- 
tion, under this theory. It was pointed out that this special case corresponded 
to the macroscopic theory of Herzfeld and Rice.? Recently O. Kneser* in dis- 
cussing his important experimental results has used essentially this macro- 
scopic theory and has tried ‘to utilize the ideas of transition probabilities, 
etc., in connection with it. Such a procedure is artificial and seems limited to 
“first order” approximations—any more thorough investigation must pro- 
ceed on some such lines as those pursued in I and II and the present paper. 
Because of the highly suggestive nature of Kneser’s data and the increas- 
ing interest in the field of supersonics, it was felt desirable to refine the 
pertinent formulae in the same measure as the increase in experimental tech- 
nique. In the interest of the general reader that part of the theory of I and II 
germane to the present discussion is briefly reviewed in section I. In section II 
the problem of a gas model with three internal states is taken up in some de- 
tail and the calculations are developed with special reference to Kneser’s* 
research on COs. 


1D. G. Bourgin, Nature 122, 133 (1928); Phil. Mag. 7, 821 (1929); Phys. Rev. 34, 521 
(1929). (These last will be referred to as I and II, respectively.) 

2 K. F. Herzfeld and F. O. Rice, Phys. Rev. 31, 691 (1928). 

3. Kneser, Ann. d. Physik 11, 761, 779 (1931). 

4 Kneser’s remark in a footnote that the writer’s developments “nicht zu experimentalle 


721 


’ 
a 
a 

! 
f 


kN ee es een errs 








722 D. G. BOURGIN 


SECTION I 
The principle of detailed balancing yields at equilibrium® 
(AN,)r = 0 = {NA fis — fii + NNifis} — (NAG — fi) + NN fii}. (1.00) 
If we disturb equilibrium 
AN: = — LON {Nfs — Nifi} + ON 2NA fis — fai) + NSii} 
— 6N;{2N (fis — fii) + Nfii} + NP {8(Fis + far} + NN fis + ~ (1.01) 
We introduce 
Rij = [2NA fis — fii) + Nfiil/N. (1.02) 


Suppose the effective temperature for the state i is w;57+T7o, i.e., the 
number of molecules in state 7 may be considered to be that corresponding 
to this temperature at equilibrium, then the change in N; due to increase 
of the temperature of this state to w;5T is 


5N; = (6NN; + NN wisK)/N (1.03) 


where K=(3/2)kT and N;=dN;/dK and the first term corresponds to a 
density increase. 

We now observe that if w,=1 then the AN; of Eq. (1.01) is the difference 
between the number of molecules leaving state 7 at temperatures 7) and 
T,+46T7 because of collisions. Since for each fixed temperature (AN;)7=0, 
therefore AN; for w,=1. 

If the first term of Eq. (1.03) were alone active we should have (neglecting 
the effect of variation of N on f;; for the moment) 


(AN,)r, f = (6N/N)[(AN,)r] = 0. (1.011) 


Accordingly we may neglect all terms in Eq. (1.01) with 6N. Collecting 
the remaining terms and bearing in mind 


(AN i) om = 0 = > N(SN Ri; —_ 5N ;R;:) 
+ (NN; — N2)8f¢ + N2Sfg — -- +. (1.012) 


We may therefore replace the sum of the terms in 6f (where 6f;; involves 
5N and 6K) by 


— N[6NiRi; — BN Rjily ot. 





Priifung diirften” must be ascribed to insufficient acquaintance with the contents of I and II. 
In fact on adopting the expression for w given in I, p. 831 footnote, the resulting formula for 
V2, cf. Eq. (2.02) and reference 6 of this paper, is (except for one important point of difference 
taken up in section II) Kneser’s main equation. Even the present paper which provides a 
more solid basis for interpretation of Kneser’s experiments is again only a special case of I. 

5 If N®y/2 be the number of collisions per unit time in a gas at temperature T then the 
number involving N;—N; meetings is Njy/2 (where N; is the number of molecules per unit 
volume in state 7). The number involving N;—N; meetings is N;j(N—Nj)v. If fi; and fi; are 
the probabilities of ij transition correlated with each type of collision and if fi; =f;;!y/2 and 
fis =fipy, then there results Eq. (1.00). 
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Eq. (1.01) becomes 


AN; = —- 1 > NiRi(wi — 1) — Nj Rio; - »} bK. (1.013) 
i 
The change of energy due to collision is defined as 
AK = — DAN «i. (1.04) 
The equation of continuity is 
ON/dt = — (0/dx)Nov (1.05) 
where v equals the x component of the mass velocity. 
Also 
(ON;/dt) = — (0/ax)Nw + AN; (1.06) 
(0/dt)mNv = — (2/3)(0K/dx)N (1.07) 
(0K /dt)N = — (5/3)(0/dx)KNv + AK. (1.08) 


Assume a plane wave in the gas then 
ésN = | 5N | ei(vt—z/d) 
where v is frequency and X is wave-length, and j7=(—1)! 
éT = | 67 | e-i(vt—z/d) 
év = | 0 | ei (vt—z/r). 


In the undisturbed gas clearly 2 is 0. 
For small amplitude waves v is so small that viN and vdT may be neg- 
lected. From Eq. (1.05) we have 


jv|6N| =jN|o| /d. (1.051) 
From Eq. (1.06) we get, on referring to Eq. (1.02), 
jv{ NwoK +|8N| Ni/N} = joNi/X + ANi. (1.061) 
Eq. (1.061) yields 
juNwi = — N DON.Ri(wi — 1) — Nj(w; — 1). (1.062) 


7 


These are a set of m non-homogeneous equations in the quantities w; with 
a unique solution for, because of the presence of jv on the diagonal, the deter- 
minant will not vanish, i.e., the coefficient of the 7 term is jvN;+ N2,N;Ri; 
and is the only term in the ith row containing v. 

The elimination of the moduli of K, N and 2», leads to one of the key for- 
mulae of I and II, namely: 


; [= — 10K/3 
’ 3mV? — 2K 





| = Loi — 1)(AK); (1.10) 
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where (AK); is N;A ,€; V is the complex velocity of sound, and 
A, = (Ni Ri; - N;Rj)/Ni. (1.11) 
i 


SECTION II 


Before taking up the second order calculation which is the primary object 
of this paper it seems appropriate to make some preliminary remarks having 
a direct bearing on Kneser’s paper. First we exhibit in slightly more detail 
than given in I the special case 

® = Wj. 


It follows immediately from Eq. (1.062) that 
w =NA;/jv + NA. (2.00) 
We remark that, with £ the internal energy, 


> Nex = dE/dK 


2 





(2.01) 
= NC;/(3/2)k 
where C; is the internal specific heat pro molecule. 
Thus 
,_« ams ++ peter) — 
3m L(3/2)k + Ci + jv(3k/2)A:N I a 


This is essentially the equation derived in I expressed in experimentally 
meaningful terms.® It is the same as Kneser’s except in the one respect that 
the external energy (Kneser’s notation C,) is here given explicitly as 3k/2 
while it is left undetermined in Kneser’s formula and is indeed finally given a 
value greater than that corresponding to the translational energy. 

It will be shown in this paper, however, that it is physically inaccurate 
to assume that the external energy differs from 3/2k—the apparent departure 
is due to the deficiency of the simple w=w; theory. In order to avoid repeti- 
tion the w=w;, or Herzfeld-Rice, Kneser theory will be referred to under 
the properly descriptive head, first order theory, to distinguish it from the 
second order theory of this section. 

Kneser has shown by straightforward, detailed computations that the 
dispersion formula used by him as well as that of Lorentz and Herzfeld-Rice, 
yields an inflection point with respect to log v. Since Eq. (2.02) is, with the 
exception mentioned, the precise analogue of Kneser’s formula, it is clear that 
properties of this sort hold for Eq. (2.02) also. However, the existence of an 
inflection point is immediately evident without calculation for a wide class 
of formulae including the extremely general case taken up in I on the basis 
of the most simple considerations. One observes merely that for all natural 
dispersion formulae 7.p.V? is a function of v* finite together with its first 
derivatives at the end points of the interval 0<v< © and continuously differ- 


6 The only difference is that Eq. (2.02) involves the full expression for w whereas I em- 
ploys the first terms only of the series expansion. 
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entiable twice on this range. Rolle’s theorem is all else that is needed (for 
with these restrictions r.p.d V*/dvy =0 for y=0 and v= =~), 

For a very general case r.p. V? is a rational function of v? with poles not on 
the real axis. Since the poles of the derivatives of a rational function are 
at the same points as the poles of the function and all the derivatives of V* 
are rational functions, it follows that this satisfies the conditions stated. For 
exhibiting the data, it may be convenient to introduce z=f(v) which, gen- 
erally, will be some simple’ functional relation. Accordingly the conditions 
just stated in terms of v are as easily applied with z. 

It is worth while to point out that if »—1 states have the same w then 
®, =w also. Hence one cannot talk about a two state gas model having differ- 
ent w values.* The proof is immediate and involves the assumption that v 
is very small. 

From Eq. (1.061) we derive: 


jv LNs ~ (AN) = AN. (2.03) 


Manifestly, AN the change in N due to collisions is 0. We observe next 
that 


PE 


i 


dN/dK =0. (2.04) 
Therefore if w;=w for i=n, - - - n, we have 
Nw: ==— @ >; 
2 


= wh; 
or 
®, = Ww. 


Accordingly the next simplest gas model consists of three states (or classes 
of states) correlated with different w values. 

In order to maintain symmetry, Eqs. (2.03) and (2.04) are not used in 
what follows now. 

Eq. (1.061) yields: 


Ni(jv oa Ns))w; —~ NN2Rews —_ NN Rss = NN}A, 
+ N2(jv + Ns2)w2—- . = NN2As (2.031) 
= NN3A; 


where s;=2;R;;. The constant term in the determinant of the equations 


vanishes and there results 
juNA; + N°S 
w;, = (2.05) 
(jv)? + juN Dos; + NS 


7 It is therefore of perfunctory interest only to state sufficient conditions on z=f(v ) to in- 
sure finite inflection points in zs and dependent on the parameters of V(v) when there are in- 
flection points in ». 

8 This is not clear in some recent papers. 
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and accordingly 


_ juljv — N(Ai - dsi) | 
(jv)? + juN Dos; + N°S 





oi = 


(2.051) 


where 


3 3 
2S = + is di sis; — Ri; Rj, i xj. 
i 7 


Eq. (2.051) allows of direct physical interpretation. NA;N;5K expresses 
the change in N; due to collisions in unit time. The difference in value of N; 
for 7) and 7)+4T is N,6K. Hence the fictitious time required at constant rate 
to attain the new equilibrium value would be the ratio of these two quantities 
or (A;N)-!. This is the “static” lag.° Since increase of the K.E. changes N; 
and AN; in the same direction it follows from Eq. (1.013) that A;>0. Al- 
though for the first order theory the important low-frequency term for w;—1 
is just this static lag the corresponding lag term in the second order theory 
is N(A;—s;)/N*S. The important point to notice is that the order of the 
states according to lags is the same as that given by this last formula. This 
follows from the fact that 2s;>A;. While in some instances, because of the 
approximation that may be made, the lag for state 7 is closely the mean life 
of the ith quantum of energy, nevertheless the strict value of this latter life'® 
is, of course, (s;N)-. 

In order to make close contact with Kneser’s experimental work let us 
make assumption A 


(a) Ag, A3 > Ay (b) €1 > €2, €3. 


Furthermore we assume that (c) NeRa+N3Rs/M: is negligible. The implica- 
tion of this last condition will perhaps be better apprehended by writing 


NaRa + N3Ra ~ (NiN2/N2)Riz + (N1V3/N3)Ris- (2.06) 


From 
N; = Ne-s!*?/ does! A? (2.07) 
r 


(where possible degeneracy has been remoted by the familiar artifice of a 
small electrostatic field) one finds Ni; N2/N,Ne2= (€ —€2) /(€ —€,) with € the aver- 
age internal energy (c) at temperature 7». Assumption (c) is satisfied if 


® As pointed out in II, the jv term is the in the “phase” term and hence the word lag is here 
used witha different connotation from that employed in II where it characterizes the (v)* term. 
We remark also that it is the combination A;N, and likewise s;N and N2S that is independent 
of N. In the notation of I our present A; is Ai/Ni and B=)_;NiAie. For the w=«; case, (AN) 
corresponds to 28/3B of I. 

10 The impression seems to persist that radiation “lives” generally are of the order of the 
atomic ones, namely, 10-8 to 10-*° seconds and that the collision lives are much longer. (Cf. 
Kneser, p. 779, ibid. and Henry, Nature, Feb. 6, 1932), Actually the radiation “lives” will most 
likely be the longest. In the case of HCI for instance, both theory and experiment indicate a 
life for the first vibration state as long as 10~* seconds. D. G. Bourgin, Phys. Rev. 29, 794 
(1927) and Phys. Rev. 32, 237 (1928). 
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«\|e-— «| (2.08) 





which carries with it N,<Ne2, N3. With these assumptions S=s,(se+s3), 
A,=S, and as may easily be verified, 


i i= — jv/jv + Ns\. (2.052) 


We remark now that 


N D(a -> si) (AK); = NS Lei. 


] 


Hence on substituting Eq. (2.051) in Eq. (1.10) and using A one finds: 


” 2 


3 


v2 = —J1+ (2.09) 
1 4. \ > NA i€ijV ~ NSN «;/(jv)? +. juN Ys: a vis} 





for determining the inflection point we need only the second term in the 
bracket. The real part is expressible as 


vite? { N2[ Sosi( Dosit DONA e:/N)—S—S[14+(Ci/(3k/2) |4+N4S2(1+C;/ (3/2) 
vt + N%3[(>°s; + DON iA ce:/N)? — 2S[1 + (Ci/(3K/2)] + NAS? (1 + Ci(32/2))” 
(2.091) 





For comparison with Kneser’s result we find the inflection point with refer- 
ence to log y=z. To a fair approximation" the abscissa of the lowest inflec- 
tion point is: 


Nsi(3k/2 + Cy) 





Vv = . (2 e 10) 
(3/2)k — (451/s2 + 53)((3k/2) + Ci) 
The first order theory yields in this notation: 
vo = [Ns,(3k/2 + C,)]/(3/2)k. (2.101) 


The subsequent discussion uses V® with the sense of the real part of the 
squared velocity and the subscripts 0, u distinguish between the low and the 
intermediate frequency velocities. Our immediate concern is the magnitude 
of the increment V,2— Vo?=AV? through the resonance region. Kneser ob- 
tains numerical agreement with his experimental data by assuming that the 
external energy is not simply the translational energy but includes” the rota- 
tional energy as well while the total specific heat remains unaltered. This 
statement is not correct physically. In fact for the “first approximation” 
theory involved in Kneser’s formulae, one may reason on altogether general 
grounds as follows. Under assumption A it is clear that at high frequencies 


11 In this approximation the next higher order terms are retained till the end. 

12 Tt is again to be pointed out that we are assuming tentatively with Kneser that the 
vibration states are the large lag states but the substance of the discussion is independent of 
this special circumstance. ; 
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the vibrational transitions will play a negligible role because of their large 
lags. Hence one would expect as an approach to the truth that the apparent 
total specific heat would omit these terms though C, as always remains the 
translational energy. Kneser’s mistake arises from the fact that his presen- 
tation of the simple theory is not really descriptive in that first the shorter 
lag states are neglected and then the resulting formula is analyzed with re- 
spect to behavior in a range where just these states are dominant. 

On going to the second approximation it develops that the statements 
just made are in need of modification and it is evident how a more precise 
estimate of AV? is to be arrived at; namely, one needs to determine the 
value of V,? for s9”, s32 > (v/N)*>>s,*. We shall use Eq. (2.091) for this purpose. 
Neglecting v* terms restricts the validity of this equation to the low-frequency 
region. For high frequencies the constant term in the quotient may be omitted 
- and there is obtained thus a sort of asymptotic approximation. In both these 
extreme cases V? (real) is a quotient of monomials in v? in formal analogy with 
the first approximation problem. The low-frequency equation corresponds to 
Eq. (2.02) with the important difference that the coefficient of v? is no longer 
C,. V,* lies in the intermediate region of validity of both subsidiary equa- 
tions. Unless 1>s,/s; i=2, 3 a good approximation will not™ be obtained 
if either the constant or v* terms are neglected. However, in the interest of 
analytic simplicity we shall consider the v? term as alone being of conse- 
quence. 

This implies 

S?/(se + 53)v? = 0 
wo —-1+=+(—jot+N(Asr— Doys)/j? + N Dojs) i = 2,3. (2.11) 


If, besides, terms in S are dropped then 





2K k 7 
V,2 =—|1 . (2.092 
3m | * (3k/2 + D’AsedNi/dT/N (52 + = ( 


The first order approximation discussed above indicated a relationship 


of the form 
k 


3m dN 


MN, 
3k/2+C; -—-|— N 
/2+ (CS €,/ ) 


i. = 
V,? = 





(2.021) 


Eq. (2.092) and Eq. (2.021) differ except under special supplementary con- 
ditions. (For instance if (dN,/dT)A€,/s2+5; is negligible then we should re- 
quire the special relation A; =A2=s2+53.) 

We now turn to the question of deriving transition probabilities informa- 
tion from sound velocity and absorption experiments. All our approximations 
in this paper have been on the assumption that the vibrational energy has, 
associated, the larger lag. The assumption is, however, not altogether certain 
even in the case of CO. The correct argument for such an assignment as a 


48 This remark is to be kept in mind in any comparison of Eq. (2.091) with the experi- 
mental data. 
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working hypothesis is the agreement of Eq. (2.021) with Kneser’s experimen- 
tal data. The fortunate coincidence that his assumption leads to the same 
numerical value here is explained by the fact that there are only two terms of 
importance in C; (the two rotational states are lumped in the symbol Cr=). 
With additional terms in C; the Kneser postulate yields a result at variance 
with Eq. (2.021). In order to maintain the agreement one should be led to the 
bizarre conclusion that all the internal energies, save the one vibrational term, 
are included in the external energy. More explicitly, for the model con- 
sidered in this paper Eq. (2.02) yields the rigorous value 


V,2 = (1+k/(3/2)k)2K/3m. 


Kneser’s procedure amounts to arbitrarily replacing the (3/2)k term by 
(3/2)k+Cr. This modified V,? has just the value given by Eq. (2.021) as is 
evident on observing that the vibrational energy denoted by 


Cs = dN,/dT «,/N and C; = Cr + Cs. 


For confirmation" it is necessary now to use the more accurate Eq. (2.092) 
and then the analogous second order formula that would result from the 
supposition that the low energy states (2, 3) have the large lags."° The 
assumption that all rotation states have one type of lag and all vibrational 
states another may be wide of the truth, in which case a theory is required in 
which both rotational and rotation-vibrational states exist characterized by 
the same lag value. Such modifications in the hypothesis may be taken ac- 
count of by suitably varying the approximations in a treatment like the 
present one. Then too it may be remarked that the data points in Kneser’s 
figure do not continue into the critical intermediate region, and besides, the 
experimental accuracy is least here. It seems desirable to supplement and ex- 
tend the experimental results to higher frequencies by varying the CO» per- 
centage in a mixture with a non-masking gas."” 


4 Conversely if the lag assignment be adopted the experimental data yield estimates of the 
A; and C; combinations occurring in Eqs. (2.10) and (2.092). 

1 Kneser’s use of the ratio of the squared velocities in CO, and Ar may be expected to 
minimize viscosity, conductivity, etc., corrections. 

16 Without going into details here, Kneser’s attempted “a posteriori” justification for ex- 
pecting larger lags for the vibration state is inadequate in the writer's opinion if only for the 
reason of the lack of satisfactoriness in the present day treatments of the circumstances of 
energy transfer in collision. 

17 The theory of gas mixtures may be developed along lines similar to that presented in 
this paper. Cf. the footnote in a forthcoming publication of the writer in the Jour. Acoust. Soc. 
where an error in Eq. (1.2) of II is corrected. The work in II is what I have called here a first 
order theory—incidentally Eq. (7) of II is the theoretical basis for computing humidity effects, 
etc., and provides the validation for Reid’s empirical formula. Reid, Phys. Rev. 35, 814 (1930). 
A form of Eq. (7) more convenient to use is 


5bV —_ 5Nw Cus Cw My 
> =i2e >= -7-=> 


where the notation is self-explanatory. 
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The second order treatment of the absorption may be made to parallel 
the development of this section by taking the imaginary part of V? in Eq. 
(2.09) and very likely other than lag influences may probably be neglected 
if the ratio with a rare gas is taken (in accordance with Kneser’s suggestion). 

An experimental study of the temperature effect seems likely to yield 
important evidence—the theoretical aspect is clearly outlined, namely, the 
dependence of R;; (and N;) on T in connection with the variation in collision 
frequency and average collision energy. In a way this provides a means for 
isolating the effects of various groups of states; for instance, the inequalities 
of (cf. Eq. (2.08)) ¢ valid for sufficiently low temperatures but may actually 
be reversed if the gas be raised to a very high temperature. 

In order to make a close contact with Kneser’s experimental work let us 
make assumption A 


(a) Ay, A3> Aj; (b) €1 > €2, €3. 


Furthermore we assume that (C) N2Re1+N3R3:/N; is negligible. The con- 
ditions implied in this last assumption are indicated clearly on writing 


N2Ra + N3Ra = NiN2Rw/N2 + NiN3Ris/Ns. (2.06) 
From 
N; = Ne~«!*#?/ doe sl kr (2.07) 
i 
one finds 
N\N2/NN2 = (¢ — e)/(é — 41) (2.08) 


with € the average internal energy at temperature 7». 
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The Tropism of Crystals 


A crystal is generally described in terms of 
the positions of its constituent atoms. These 
are regarded as points, and consequently the 
energy of the crystal is expressed in terms of 
the positional coordinates of the atoms. This 
model may be amplified by giving up the as- 
sumption that the atoms are points, or spher- 
ically symmetrical centers of force, and by in- 
troducing angular coordinates to specify the 
orientation of each atom. In the language of 
the quantum theory, the state of an atom or 
molecule is specified by a variety of quantum 
numbers that may be interpreted geomet- 
rically as specifying an orientation. The ori- 
entation of an atom in empty space is, of 
course, quite arbitrary, as its energy is inde- 
pendent of orientation. In a crystal lattice 
this is no longer true. Because of the anisot- 
ropy of the atomic arrangements in a crystal, 
certain orientations of the atoms will be en- 
ergetically preferable to others. We have, 
thus, besides the anisotropy of the crystal- 
lographic planes themselves, other directional 
properties associated with the various vectors 
specifying atomic states. If, for instance, all 
the electronic spins are coupled, we have what 
might be called spintropism, or s-tropism. 
Likewise, coupled orbits would give rise to 
l-tropism, etc. 

To illustrate the significance of the above, 
let us consider two special cases. The first is 
that of a cubic lattice in which each atom has 
a magnetic moment resulting from the elec- 
tronic spins. The spins are so coupled to each 
other that the energy is least when neighbor- 
ing spins are parallel. The crystal exhibits 
spontaneous magnetization. The spins are 
further so coupled to the lattice (or to orbits 
fixed in the lattice) that, if aj, aj, a, represent 
the direction cosines of the spins with respect 
to the tetragonal axes of the crystal, the en- 
ergy of the crystal depends on the orientation 
of the spins according to the formula 
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<>. "cug2ce;*. 

‘ik 
If the crystal is distorted by external forces, 
the energy is increased, first, by the work done 
against the elastic forces, and secondly, by an 
amount depending on the orientation of the 
spins 

kids Asien? +e dA cpaier; 
‘ik ik 

where Ajj, etc., are the components of the 
tensor describing the distortion, and finally, 
if the crystal is subjected to the action of a 
magnetic field, there is a further term in the 
energy —(J-H). 

If the distortion A;;, etc., and the field H 
are given, it is possible to calculate the energy 
of the crystal for any orientation of the spins. 
If this energy has a single minimum, we as- 
sume that this minimum gives the direction 
of actual magnetization, and hence uniquely 
determines the actual energy of the crystal. 
If the energy has minima for more than one 
orientation of the spins, the direction of actual 
magnetization is not uniquely determined. 
Changes in the relative position of two or 
more minima will in general give rise to irre- 
versible changes in the orientation of the 
spins, and therefore to a dissipation of energy, 
or hysteresis. This procedure, based on the 
work of N. Akulov and R. Becker, is shown, 
in a paper appearing in this journal, to de- 
scribe the properties of ferromagnetic crys- 
tals fairly well. 

The second model we shall assume identical 
with the first, except that the spins are so 
coupled that the energy is least when the spins 
cancel each other in pairs. Although there is 
no resultant magnetization, one may still re- 
fer to an orientation of the spins, given again 
by the quantities a;, aj, ax. The orientation of 
the spins is in this case unaffected by a mag- 
netic field. In general, we may refer to that 
condition of a crystal in which at least one 
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aspect of its constituent atoms is unchanged 
throughout a group of atoms as spontaneous 
alignment, just as we speak of spontaneous 
magnetization in a ferromagnetic crystal. A 
crystal showing spintropism as above would 
be very similar to a ferromagnetic crystal ex- 
cept in its reaction to a magnetic field. What, 
then, is peculiar about a ferromagnetic crystal 
in the absence of a magnetic field? We shall 
consider here only mechanical and thermal 
properties. There are others, such as electrical, 
optical, etc. Four such peculiarities are listed 
below. These peculiarities may be thought of 
as defining certain kinds of tropism in crystals 
of which spintropism is one. Ferromagnetism 
is then a special kind of spintropism. 

(1) There is a critical temperature, or 
“Curie point,” above which ferromagnetism, 
or more generally spintropism, etc., disap- 
pears. In general, a substance may have more 
than one such critical temperature. 

(2) Just as there is a magneto-caloric ef- 
fect, or reversible change of temperature with 
magnetization, there should be a reversible 
change of temperature accompanying elastic 
distortion, having a maximum at the critical 
temperature. 

(3) There should also exist an elastic hyster- 
esis, or dissipation of energy resulting from 
elastic distortion. This is caused by irreversi- 
ble changes in spin orientation. These irre- 
versible processes should occur only when the 
distortion produces the above-mentioned am- 
biguity of two or more energetically possible 
spin orientations. Magnetic hysteresis is most 
pronounced in distorted or hardened mate- 
rials, and becomes very slight in single crys- 
tals at ordinary temperatures. The same 
should be true of elastic hysteresis. If a single 
crystal is rotated in a magnetic field, hyster- 
esis is particularly pronounced in the neighbor- 
hood of certain orientations of the crystal in 
the field. Similarly, if a single crystal is rolled 
between plates exerting a compressive force, 
elastic hysteresis should also be more pro- 
nounced in the neighborhood of certain ori- 
entations of the crystal. 

(4) When distortion produces only a single 
possible orientation of the spins, the elastic 
properties are uniquely defined. They differ 
from those of normal cubic crystals because of 
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the dissymmetry introduced by the spin inter- 
actions, or because of the energy expression 
above involving both the distortion and the 
spin orientation. In other words, the spin in- 
teractions produce strains in the crystal. In 
the case of ferromagnetic crystals we call these 
strains magnetostrictive strains. Since any 
tropism of the kind here under discussion will 
tend to distort a crystal, we may refer to this 
distortion as tropostriction. In distorting a 
cubic crystal, we do work not only against the 
cubically symmetrical elastic forces, but also 
against the tropostrictive forces which vary 
as the direction of spontaneous alignment in 
the crystal varies. In a paper that is to appear 
shortly, the effect of spontaneous alignment 
on the elastic properties of cubic crystals will 
be investigated mathematically. 

Do any crystals aside from ferromagnetic 
crystals, show tropism of the kind discussed 
in this note? Many peculiarities, such as elas- 
tic hysteresis, unexplained critical tempera- 
tures,! etc., have been observed, but until the 
subject is quantitatively formulated and 
checked it is not possible to determine to what 
extent such ideas as the above may be useful 
in explaining the behavior of actual materials. 
It seems likely, however, that there is some- 
thing to orient in most crystals. Few atoms 
are spherically symmetrical, and such spher- 
ical symmetry would probably be destroyed 
by the interatomic forces and fields in a crys- 
tal. It is, therefore, to be expected that at 
sufficiently low temperatures the atoms in a 
crystal will either be spontaneously aligned, 
or if the atomic interaction is such that neigh- 
boring atoms are not parallel, the crystal will 
exhibit a complicated tropism and probably 
periodic structural peculiarities. 

F. BITTER 

Research Laboratories, 

Westinghouse Electric & Mfg. Co., 
East Pittsburgh, Pennsylvania, 
October 25, 1932. 


1 Is the transition to the supra-conducting 
state perhaps the lowest of these critical 
points below which all the constituents of a 
crystal are spontaneously aligned and the 
atomic planes have lost their “thermal rough- 
ness”? 
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X-Ray Reflections from a Quartz Piezoelectric Oscillator in a Bragg Spectrograph 


Recently G. W. Fox and P. H. Carr! found 
that the intensity of Laue spots, obtained by 
passing an x-ray beam through quartz, were 
increased when the quartz plate was oscillating 
electrically. However, in a later paper? Fox 
and Cork failed to obtain any changes in in- 
tensity of oscillating quartz lines produced by 
a Bragg spectrograph. C. S. Barrett and C. E. 
Howe’ suggested that this failure to get in- 
creased intensity was probably due to the ex- 
istence of an imperfect surface layer in which 
the extinction had already been reduced to a 
minimum by the preparation of the crystal. 
The mode of oscillation of the quartz plate 
used by Fox and Cork? was such that there 
existed a node of pressure at the surface of the 
plate from which the x-ray beam was re- 
flected. Hence, even if elastic deformations of 
the atomic plane spacings were taking place, 
no widening of the line obtained could be ex- 
pected from this experiment. 

From experiments performed in this labora- 
tory a widening and an increase in intensity 
for lines reflected from oscillating quartz were 
obtained. The quartz crystal used in the ex- 
periments was prepared in the following man- 
ner. Let EE! (Fig. 1) represent the electric 














le \ 
Fig. 1. 


axis of a quartz crystal, and let the optic axis 
pass through O perpendicular to the plane of 
the paper. The specimen was cut from the 
crystal as is shown in Fig. 1 with the following 
dimensions: ZL = 100 mm, t=2 mm, w=6 mm. 
The dimension L is mutually perpendicular 
to the electric axis EE' and to the optic axis 
which is perpendicular to the plane of the 


1 Fox and Carr, Phys. Rev. 37, 1622 (1931). 
2 Fox and Cork, Phys. Rev. 38, 1420 (1931). 
3 C, E. Howe, Phys. Rev. 39, 889 (1932). 


drawing. The dimension ¢ is parallel to the 
axis EE! and perpendicular to the optic axis. 
The dimension w (not shown in Fig. 1) is 
parallel to the optic axis and perpendicular to 
the electric axis EE’. 

The oscillating quartz plate was placed in 
a Bragg spectrograph between two brass 
plates which were connected in parallel with 
the condenser of a resonating circuit. The 
crystal-to-film distance of the spectrograph 
was 20 cm. The top brass plate had a window 
cut so as to allow the x-ray beam to fall on the 
surface of the quartz which had dimensions 
100 X6 mm. The crystal was made to oscillate 
in such a manner that there existed a loop of 
motion at each end and a node of motion in 
the center; consequently there was a loop of 
pressure in the center, and nodes of pressure 
at the ends. The x-ray beam was reflected 
from the center of the oscillator. The crystal 
oscillated at a frequency of 27,400 cycles per 
second, which result agreed with the calcu- 
lated value. The source of power was the out- 
put of an audio-oscillator connected to an 
amplifier and inductively coupled with the 
resonating circuit containing the quartz plate. 
A shield enabled only half of the film to be ex- 
posed at a time. One side of the film was 
exposed with the crystal not oscillating and 
the other half with the crystal oscillating. The 
crystal was kept oscillating at such an ampli- 
tude that dL/L was 0.0003 in the LZ direction. 
This quantity was measured by means of a 
calibrated eye piece. The doublet used in the 
experiment was the Ka, and Kaz lines of 
molybdenum obtained by the sixth order re- 
flection from the (1 1 0) set of planes. The 
crystal was rocked through an angle of 5° dur- 
ing the exposures. It was necessary to expose 
each side of the film for 40 hours. A careful 
watch was kept on the power in-put of the 
x-ray tube so that accurate intensity com- 
parisons might be made. ‘ 

The curves shown in Fig. 2 were obtained 
by examining the photographic record with a 
microphotometer. The film was passed over 
a photoelectric cell in steps of 0.02 mm each 
by means of a ruling machine mechanism. A 
slit of light 0.02 mm wide and 0.05 inches long 
was placed above the film in such a position as 
to be directly over the photoelectric cell. This 
cell was connected to the grid of a vacuum 
tube which composed one arm of a Wynn Wil- 
liams bridge. The deflections of the galvanom- 
eter were proportional to the amount of light 
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falling on the cell. 

Curve A (Fig. 2) was the curve obtained 
for the oscillating lines, while curve B was 
the curve obtained for the non-oscillating 
lines. At half maximum amplitudes the width 
of the oscillating Ka, line was found to be 
0.600 mm, while the width of the non-oscillat- 
ing Ka, line was found to be 0.540 mm. The 
values for the widths of the Kay lines were 
practically the same at half amplitudes as 
those of the Ka, lines. If we take the area un- 
der the loops as proportional to the intensity 
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the relation: dS =2r(AD/D) taa 0, where r is 
the crystal-to-film distance, and @ is in our 
case 60.3°, we have for dS the following: 
dS=0.0525 mm. The oscillating lines were 
found to be 0.060 mm wider at half maximum 
amplitudes than the non-oscillating lines. 

It is not at present known whether this ef- 
fect obtained is due to extinction reduction 
solely or whether it is a combination of ex- 
tinction reduction and elastic deformations 
of the plane spacings. Experiments are now in 
progress in which an attempt will be made to 
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Fig. 2. Settings of ruling machine. One setting =0.02 mm. 


of the lines, we find that the Ka, oscillating 
line is about 1.5 times as intense as the Ka, 
non-oscillating line, and that the Kaz oscillat- 
ing line is about 1.5 times as intense as the 
Ka, non-oscillating line. 

It is interesting to note that if we take 
AD/D to be } the magnitude of dL/L where 
AD/D is to represent the elastic deformations 
of the plane spacings for the (1 1 0) set which 
is at right angles to the elastic deformations of 
magnitude dL/L; and substitute the value in 


take Bragg reflections from quartz plates 
which are deformed mechanically and in a 
homogeneous fashion. A detailed account of 
the experiments performed in this laboratory 
and further conclusions will be given at an 
early date. 
M. Y. CoLsy 
Sipon Harris 
Physical Laboratories, 
University of Texas, 
November 8, 1932. 


Determination of e/m for an Electron by a New Deflection Method 


In spite of the many measurements which 
have been made of the specific charge of the 
electron, there is still some uncertainty es- 
pecially in connection with the value obtained 
from free electron measurements. Although 


two recent measurements!? on free electrons 
1C. T. Perry and E. L. Chaffee, Phys. Rev. 
36, 904 (1930). 
2 F, Kirchner, Ann. d. Physik [5] 8, 975 
(1931) and [5] 12, 503 (1932). 
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in which linear acceleration was used have 
yielded “low” values of e/m in fair agreement 
with the spectroscopic value (1.761 +0.001) 
X107 em units, there remains the fact that 
the apparently very precise work of Wolf? us- 
ing a deflection method gave a high value 
(1.7689 +0.0018) X10? em units. Hence, it is 
important that a new deflection determination 
be made with an accuracy sufficient to deter- 
mine if the discrepancy is real or due to some 
unknown sources of error. Secondly, an accu- 
rate value of e/m is needed in the very im- 
portant method that has been developed by 
Bond‘ and Birge® of obtaining the most prob- 
able values of the physical constants e, h, e/m 
and a. Not only does the value of e/m influ- 
ence the values obtained for the other con- 
stants but also the major portion of the un- 
certainty of the results is due to the uncer- 
tainty in e/m. 

The new deflection method being used was 
conceived by Professor Ernest O. Lawrence 
and was most kindly offered to the author as 
a means of obtaining the results mentioned 
above. The success of this new determination 
was made possible by the important advan- 
tages of this method over previous ones. The 
method is essentially as follows. An evacuated 
brass box B contains six slits labeled A, S and 
D which are on a circle of radius r. The slits 
S and the outer slits at A and D are integral 
parts of the box, while the inner slits at A and 
D are separate from it and are connected to 
the output of a radio-frequency oscillator. The 
box is connected to the grounded side of the 
output. During the half of each cycle in which 
the box is positive, electrons are accelerated 
across the slits at A and leave the outer slit 
with velocities ranging from zero to that cor- 
responding to the peak voltage of the oscil- 
lator. These electrons are bent in circles of 
various radii by a magnetic field having a di- 
rection into the plane of the sketch and pro- 
duced by a pair of Helmholtz coils. For any 
given magnetic field H, electrons having a 
velocity v given by the radial force equation 
mv?/r=Hev (em units) will be bent around 
through the slits S and arrive at D where they 
will experience a further acceleration or de- 
celeration depending on the time of arrival 


? Fritz Wolf, Ann. d. Physik [4] 83, 849 
(1927). 

4W. N. Bond, Phil. Mag. 10, 994 (1930) 
and 12, 632 (1931). 

5 R. T. Birge, Phys. Rev. 40, 228 (1932). 
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relative to the radio-frequency cycle. If a 
magnetic field is chosen with a related elec- 
tron velocity such that the time required for 
the electrons to travel from A to D is one pe- 
riod, then the electrons in traversing the slits 
at D experience a deceleration exactly equal 
to the acceleration they received at A and 
consequently are stopped and fail to reach the 
collector C. For any other magnetic field a 
simple analysis shows that half of the elec- 
trons passing through the slits S will reach the 
collector. Hence e/m is determined by the 
conditions existing when the current to the 
collector is zero (in reality when it is a mini- 
mum). The electron velocity necessary to 
travel from A to D in one cycle is given by 
v=r0/T, where T is the period of the oscil- 
lator and @ the angle subtended by the path; 
or since the frequency »=1/T the velocity is 
given by v=rév. Eliminating the velocity by 
combining this equation with that given 
above for the radial forces gives the relation 














Fig. 1. 


for obtaining e/m, namely e/m=6v/H em 
units. Here @ is in radians and H is in gauss. 

A most important advantage of this method 
over other free electron methods is that no 
accelerating voltage need be measured since 
it is not necessary to know the electron volt- 
age. This feature combined with a modifica- 
tion in the method not described above (due 
to space limitations) practically eliminates all 
errors due to contact potentials except those due 
to stray electric fields in the deflecting regions 
of the box. Due to the construction the latter 
are necessarily small. Further, the observa- 
tional precision which the method gives is 
very good. For example, fifty magnetic field 
readings (the frequency being held constant) 
were of such constancy that the observational 
probable error in e/m was only one part in 
100,000. 
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The present results, although still of a pre- 
liminary nature, are of an accuracy compar- 
able with present published values. Observa- 
tions have been taken at two frequencies since 
constancy of results with change in frequency 
is of primary importance. With a change in 
frequency of about 30 percent two frequency 
runs made up of about 90 observations each 
gave results differing by only two parts in 
10,000. The weighted value of e/m obtained 
from these two groups of observations with 
the calculated probable error is e¢/my= (1.7592 
+0.0006) X 107 em units. The major part of 
this probable error is due to allowance for 
possible errors in the magnetic field measure- 
ment. However, to allow for still other pos- 
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sible errors in the experiment the present re- 
sult may be stated as e/mo = (1.7592 +0.0015) 
X10? em units. This result is somewhat lower 
but not in disagreement with the accepted 
spectroscopic value. It is in good agreement 
with Kirchner’s results.2 A more detailed de- 
scription of the method and results will be 
published soon. 

The writer is indebted to Professor Ernest 
O. Lawrence not only for the method, as men- 
tioned above, but also for many helpful dis- 
cussions during the development of the 
method. 

FRANK G. DUNNINGTON 

University of California, 

November 12, 1932. 


The Value of e/m 


During the past two years there have ap- 
peared four direct determinations of e/m, each 
of high accuracy. These results are:! (1) C. T. 
Perry and E. L. Chaffee,? e/m=1.761 +0.001, 
from electrostatic acceleration of free elec- 
trons. (2) F. Kirchner,? e/m=1.7585 +0.0012 
and 1.7590+0.0015, from two different in- 
vestigations, by the same method as (1). The 
weighted average is 1.7587 +0.0009, with the 
probable error based on internal consistency. 
The probable error from external consistency 
is, by chance, only +0.00016. (3) J. S. Camp- 
bell and W. V. Houston,* e/m=1.7579+ 
0.0025, from Zeeman effect measurements. 
(4) F. G. Dunnington,§ e/m =1.7592 +0.0015, 
from magnetic deflection of free electrons. 

The weighted average of these four results, 
based on three radically different methods, 
is e/m=1.75953 +0.00043, from external con- 
sistency, or +0.00059 from internal consist- 
ency. This is a very satisfactory agreement 
and tends to indicate that the probable error 
assumed by each investigator is a reasonable 
estimate. In each case, however, this assumed 


1 This list does not include a very recent 
value by G. G. Kretschmar (Chicago, Novem- 
ber, 1932 meeting of the American Physical 
Society) of 1.7555 +0.0026, since his method 
requires a knowledge of other fundamental 
constants. F 

2 C. T. Perry and E. L. Chaffee, Phys. Rev. 
36, 904 (1930). 

*F. Kirchner, Ann. d. Physik 12, 503 
(1932). 

* J. S. Campbell and W. V. Houston, Phys. 
Rev. 38, 581 (1931). 

5 F. G. Dunnington, Phys. Rev. 42, 739 
(1932). 


error is essentially a personal estimate by the 
investigator, and includes an arbitrary allow- 
ance for possible systematic errors of various 
kinds. Each of the four investigations seems, 
from superficial examination, to be of essen- 
tially the same accuracy. With this new as- 
sumption one obtains for the (unweighted) 
average, e/m=1.75920 +0.00044. This hap- 
pens to be identical with Dunnington’s value. 
I think that (1.759+0.001) X10? em units 
may be taken as a conservative estimate of 
the present most probable direct evaluation 
of e/m. 

I should like to take this occasion to call 
attention to a numerical error in my recent 
paper® on certain general constants. On page 
257 the correct value of és/4, resulting from /4/; 
= 6.5431 +0.0042, is 4.7721 +0.0023, and not 
4.7738 +0.0041 as given. This makes the re- 
sults of solutions k and / incorrect. The correct 
results of solution & are h=6.5432 +0.0083, 
e=4.7683 +0.0038, e/m=1.7611 +0.0011, 1/a 
= 137.310 +0.048. Solution 7 is based on e/m 
= 1.759+0.001, as now adopted for the best 
direct value. The resulting values of e, h, etc., 
in solution ], corrected for the above error, 
may accordingly be considered the present 
most probable values. These corrected results 
are, 

—h= (6.5420 + 0.0083) X 10-?" erg: sec., 

e= (4.7668 + 0.0038) K 107° es units, 
e/m=(1.7592 +0.0011) X10? em units, 
1/a= 137.374 +0.048. 
RAYMOND T. BIRGE 
University of California, 
November 12, 1932. 


6 R. T. Birge, Phys. Rev. 40, 228 and 319 
(1932). 
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Structure of Atomic Nuclei 
Errata 


(Phys. Rev. 41, 370 (1932)) 


I have noticed certain errata in my letter P. 371, column 2, line 8 should read “neu- 
to the Physical Review 41, 370 (1932). They trons to be....” instead of “electrons to 
are as follows: Pe 

P. 370, column 1, line 10 should read “con- James H. BartLett, JR. 
sists of 2 (2/+-1) protons and 2 (2/+1) neu- 
trons” instead of “consists of 2/+1 protons University of Illinois, 


and 2/+1 neutrons.” November 9, 1932. 
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BOOK REVIEWS 


Molekulstruktur. Edited by P. Debye. Pp. 197 +-vii. Figs. 44, Tables 5. S. Hirzel, Leipzig, 
1931. Price 10 R.M. 


The real benefit from the annual Leipzig lectures is to be had by sitting around the table 
in the cafe of the Ipabad in Leipzig in between talks. The publisher makes no attempt to collect 
the discussion which is the most valuable feature of such a scientific gathering. The lectures 
themselves are usually limited to matters already published and well known to workers in the 
general field. In some cases new material presented is likely to require immediate modification. 
But the reader is left to guess what happened after the lectures. 

The present series is devoted to chemistry. The speakers are, however, all physicists. K. L. 
Wolf presents interesting experimental results on the free rotation of the carbon bond. In the 
second talk R. Mecke provides a masterly exposition of the problems of the spectroscopy of 
polyatomic molecules. He calls attention to some important regularities in the behavior of 
simple chemical compounds which are not discussed at all in the fashionable quantum theories 
of valence. He also shows how these matters can be treated with some success from a classical 
point of view. Next is a description by F. Rassetti of his experiments on Raman effect in gases 
and solids. It seems rather strange that he should here repeat his suggestion that the lines he 
found in calcite and fluorite are due to scattering with large (~7000 cm™) frequency shifts. 
No comment is made of the very convincing explanation furnished by R. Tomaschek (Nature, 
128, 495 (1931)) that these lines are due to known fluorescence of common impurities in these 
minerals. 

G. Placzek has a useful paper on his very important method of treating the Smekal-Raman 
effect. This effect is of interest chiefly in the study of molecular structure and it is therefore 
appropriate instead of describing it by the roundabout method of general dispersion theory to 
treat it as an interaction between the electron motions and the motions of the nuclei. Placzek’s 
presentation is not complete but he furnishes references and an extensive table of tensor com- 
ponents. 

H. Spooner and R. de L. Kronig have papers on dissociation—especially predissociation. 
Their discussions are perhaps carefully stated but do not advance the subject beyond innumer- 
able papers which have discussed it in the past. They do not even refer to the experimental re- 
sults which V. Henri announces in his talk and leave the subject of polyatomic molecules 
entirely untouched. Henri finds the phenomenon of predissociation to be very widespread 
among polyatomic molecules which usually have several regions of predissociation. A most re- 
markable observation which he reports is that the predissociation limit shifts toward longer 
wave-lengths as the temperature of the absorbing gas is increased. 

G. Herzberg contributes the last talk. It is an unusually clear and concise presentation of 
the newer methods of discussing the electronic structure and valence characteristics of mole- 
cules. Herzberg as well as Mullikan and Hund has contributed much to this subject. The meth- 
ods advocated are still approximate but have important advantages over that due to Heitler 
and London. The unsatisfactoriness of the latter has been brought out on many hands, espe- 
cially during the past two years. It is one great advantage of the newer methods that they lead 
to their wrong results without any stupendous amount of calculating. 

R. M. LANGER 
California Institute of Technology 


The Theory of Electric and Magnetic Susceptibilities. J. H. VAN VLECK. Pp. 384+xi, 
Figs. 15. Clarendon Press, Oxford. Price $7.50. 


In this book Van Vleck has given with his own characteristic thoroughness and care for 
details, an excellent survey of the quantum theory of electric and magnetic susceptibilities. In 
a certain respect the purpose of the book is the same as that of Stoner, which was written in 
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1926, namely to correlate and explain the great amount of experimental results from the stand- 
point of the quantum theory. But Van Vleck had the great advantage that he could use the 
quantum mechanics. Especially in magnetism, since the classical work of Curie, Langevin and 
Weiss, there has been a great accumulation of experimental material, but I think one may say 
that a real advance in the understanding first came with the penetration of the ideas and 
methods of the new mechanics, partly without doubt because of the clarification it brought in 
the theory of line and band spectra. In dielectrics the advance since Debye is perhaps less 
striking. The quantum mechanics has, however, here removed, by restoring the classical 
factor 3, several difficulties, which the application of the old quantum theory had brought. 

Chapter I gives the classical foundations. It shows carefully how the macroscopic field 
equation of Maxwell can be obtained by averaging the microscopic equations of the electron 
theory. It is perhaps a pity, that the author has not gone into the criticism of the usual expres- 
sion (34) of the local field, from which the Lorentz-Lorenz formula follows. To the reviewer the 
validity seems doubtful, especially for polar substances. This point is of interest because of the 
recent measurements of ¢ for gases at high pressures. Chapter II gives a very complete classical 
derivation of the Langevin-Debye formula for dielectrics. The reviewer objects though to call- 
ing the ordinary simple derivation a rudimentary proof. It follows strictly from the general 
Boltzmann theorem: 

dN,/dN2=(dN,/dN2)r.,€7° ** 


for the ratio dN,/dN, of the numbers in two elements of the g-space. Of special interest in this 
chapter is the derivation in §13 for quite general molecular models in close analogy with the 
quantum mechanical derivation of chapter VII. Chapter III gives then a discussion of the 
experimental material. Though there is here some overlapping with the book of Debye, the 
remarks of Van Vleck on the “atomic polarization” are very interesting. 

All this was perhaps more or less known. But in chapter IV Van Vleck gives a very striking 
discussion of the classical theory of magnetism. He throws the proper light and puts the proper 
stress on the main result of the Leidener thesis of Miss van Leeuwen, namely, that in classical 
statistics we get strictly always zero susceptibility. The well-known result, that the translatory 
motion of free electrons in a metal gives no diamagnetism with classical statistics, is a special 
case of the theorem of Miss van Leeuwen. Perhaps the author could have stressed still more the 
very artificial assumptions one must make in the classical theory to obtain para- or diamagne- 
tism. The assumptions required are: (1) that each molecule has an electronic motion (or cur- 
rent) which is so shielded that the collisions have no effect on it; (2) that when the gas is 
formed, each molecule is born with the same value for the angular momentum of that electronic 
motion. Assuming this, one can derive quite generally the Langevin-Pauli formulas for the 
para- and diamagnetism. Miss van Leeuwen has given several examples; in her terminology, 
there must exist besides the energy (or function of Routh) other “interesting” additive inte- 
grals of the motion. 

In chapter V the many difficulties and paradoxes of the old quantum theory with regard 
especially to electric susceptibilities (i.e., the Glaser effect) are very clearly discussed. And so 
we are led to the quantum mechanical chapters. Chapter VI gives all that is necessary from 
the general theory; in addition to the perturbation theory, it contains a very useful treatment 
of the angular momentum matrices and of the anomalous Zeeman effect. In Chapter VII we are 
then given the general quantum mechanical derivation of the Langevin-Debye formula, which 
is due to Van Vleck himself. It is hardly necessary to stress its importance. Besides containing 
all earlier derivations for special models it has shown clearly the essential assumptions, which 
are necessary and sufficient. By a witty application of the theorem of spectroscopic stability the 
author rehabilitates the classical factor }. Also because of this theorem all the difficulties of the 
old quantum theory (i.e., with regard to “weak” and “strong” quantization) disappear. Essen- 
tial in the derivation, and I think already for qualitative discussions of importance, is the 
distinction between the (compared to kT) high- and low-frequency non-diagonal matrix ele- 
ments of the magnetic moment. The first contribute to the temperature independent part of 
x; the second, because of the second order Zeeman and Stark effects, which are so often for- 
gotten, together with the diagonal elements give the term inversely proportional to T. That it is 
not the diagonal elements alone is perhaps simplest seen in the example of NH;. The two 
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lowest levels, considering only the vibrational states, corresponding to the symmetric and anti- 
symmetric wave functions of the N-nucleus, have no diagonal element of the electric moment 
at all. The observed temperature dependence of ¢ is here due only to the second order Stark 
effect. 

The chapters VIII, IX and X give the applications. Chapter VIII discusses the dia- 
magnetic susceptibilities of atoms and monatomic ions; chapter IX the paramagnetism of free 
atoms and especially of the rare earth ions. The success of Hund’s prediction of the magneton 
numbers had already shown here that these ions even in the solid salts can be considered as 
being nearly free. Europium and samarium were the only two apparent exceptions. Van Vleck 
(with Miss A. Frank) has been able to explain these cases also by taking into account the finite 
multiplet width and the second order Zeeman effect. Also the temperature dependence of 
x then agrees beautifully with experiment. Chapter X gives the application to the paramagnetic 
gases, especially O2 and NO. The experimental confirmation of Van Vleck’s prediction of x asa 
function of T in the case of NO is one of the most beautiful successes of his theory. 

In chapter XI a new idea enters, namely the crystal field. The author shows how this is 
able to quench the orbital magnetic moment, and he gives in this way an explanation of the 
Bose-Stoner hypothesis, which had thrown the first light on the difficult question of the 
magneton numbers of the iron group. How successful this idea is, Van Vleck and his students 
have since then shown. It explains beautifully the Curie-Weiss law and its deviations (see 
Penney and Schlapp, Phys. Rev. 41, July 15, 1932). The book closes with a short and clear 
discussion of the Heisenberg theory of ferromagnetism (chapter XII) and of some related 
optical phenomena (chapter XIII). 

I hope that this review, which, although rather long, could touch only the main points, 
has given sufficient impression of the rich contents of the book. Because it is written completely 
from the theoretical standpoint, a beginner will not find it always easy. But for one who has 
already sufficient background and who wants to acquire a thorough knowledge of the subject, 
Van Vleck’s book is indispensable. I am sure that it will be the starting point for many investi- 
gations. 

G. E. UHLENBECK 
University of Michigan 


The Adsorption of Gases by Solids. A general discussion held by the Faraday Society, 
January, 1932. Pp. 320+ iv. Gurney and Jackson, London 1932. Figs. 109. Price, 15/-. 


In his introduction to the general meeting of the Faraday Society at Oxford, Professor 
H. S. Taylor stated that “it is eminently fitting at a time when so much attention is being paid 
to the fundamental contributions of Faraday to electrical science that the society which bears 
his name should also devote some thought and discussion to a field of knowledge in which Fara- 
day displayed the same qualities of genius and pre-vision that have given him so preeminent a 
position among the leaders of scientific thought.” With this motivating idea Professor Taylor 
initiated this important meeting of the Faraday Society at which forty papers were presented 
and later published as this volume. 

Three section meetings were held and at each of these a definite subject was chosen for dis- 
cussion. The section subjects together with the authors of the introductory papers were as 
follows: Section I. Experimental methods. Introductory paper by Eric K. Rideal. Section IT. 
Kinetics and energetics of gas adsorption. Introductory paper by Professor Herbert Freund- 
lich. Section III. Theories of the adsorption of gases. Introductory paper by Professor M. Pol- 
anyi. 

Leading investigators throughout the world presented papers and entered into the discus- 
sions which followed. Most of the modern work on the adsorption of gases was covered and 
many important points of view were given in the general discussion which followed the presen- 
tation of the papers. This general discussion fills about forty pages of the book and follows the 
last paper presented. To those interested in the adsorption of gases by solids, this volume con- 
stitutes an important summary of the work in progress, as well as giving the modern point of 
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view with regard to the theories on the subject. There are a few typographical errors which 
do not seriously harm the usefulness of the book. 
L. H. REYERSON 
University of Minnesota 


Les Principes de la Mécanique Quantique. P. A. M. Dirac. Translated by A. Proca and 
J. Ullmo. Pp. 314+-viii. Les Presses Universitaires de France, Paris, 1931. Price 95 Fr. 


As is indicated by its title this book is a literal translation of Dirac’s work into French, ex- 
cept for the addition of an appendix by Proca on Poisson bracket expressions in classical analyt- 
ical dynamics. As the English original has been reviewed previously in this journal (Phys. Rev. 
37, 97 (1931)) further comment seems unnecessary except that one might have expected some 
indication in the very last pages of the book that Dirac no longer supports his original inter- 
pretation of the negative energy states of relativistic electron theory, (e.g., Proc. Roy. Soc. 
A133, 60 (1931)). However, those who succeed in getting through to the last page will un- 
doubtedly also succeed in correcting this for themselves. 

E. L. HIti 
University of Minnesota 


Gmelin’s Handbuch der anorganischen Chemie 8 Auflage, Herausgegeben von der Deut- 
schen Chemischen Gesellschaft. System Nummer 59, Eisen, Teil A, Lieferung 4. Pp. 260, Figs. 
180. Verlag Chemie G.m.b.H. Berlin, 1932, R.M. 41; (subscription price R.M. 35.50). 


The volume preceding the present one was published in 1930 and has been reviewed in 
these columns. Volume 4 of the series on the technology of iron deals with the manufacture, 
properties, and testing of wrought, bar, cast, and pig iron, of open hearth and Bessemer steel 
and of slags. One of the outstanding features is the truly international bibliography at the end 
of each chapter. The great practical importance of iron and steel justifies the extensive tech- 
nological treatment of the subject in the Gmelin series. 

I, M. KoLTHOFF 
University of Minnesota 
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